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CHAPTER  I 
INTRODUCTION 


The  existence  of  a surface  that,  despite  being  composed  primarily 
of  metal,  can  transmit  nearly  all  of  the  energy  incident  upon  it 
suggests  some  very  interesting  applications.  Among  these  is  the  radome 
application,  where  it  appears  possible  to  achieve  improved  operation 
over  the  present  dielectric  structures  from  both  an  electrical  and 
mechanical  point  of  view.  The  goal  of  this  dissertation  is  to  extend 
the  analytic  tools  used  in  the  study  of  such  surfaces  and  to  examine 
several  new  types  of  surfaces.  The  metallic  radome  developed  by 
Pelton  and  described  in  [1,2]  represents  the  state-of-the-art  in 
metallic  radomes  as  of  1973.  Theoretical  analyses,  notablyi  Munk 1 s 
mutual  impedance  analysis  [3],  had  previously  been  used  to  guide  the 
experimental  studies,  but  the  intuition  that  had  been  developed 
through  this  analysis  had  suggested  some  novel  designs  (such  as  the 
radome  indicated  above)  that  at  the  time  defied  mathematical  analysis. 
One  of  the  goals  of  this  dissertation  is  to  extend  the  analytic 
techniques  to  "catch  up"  with  the  new  designs.  The  need  for  such 
analytic  tools  lies  in  the  requirement  for  a general  design  procedure 
for  such  surfaces,  and  an  understanding  of  how  and  why  they  work. 

Previous  analytic  studies  of  resonant  windows  have  for  the  most 
part  restricted  their  attention  to  thin  surfaces  where  Babinet's 
principle  could  be  applied.  Another  goal  of  this  work  was  the  develop- 
ment of  analytic  tools  that  would  be  applicable  to  thicker  metallic 
resonant  surfaces.  Such  structures  composed  of  slots  or  holes  of  one 
form  or  another  in  a metallic  surface  also  required  the  use  of 
dielectric  materials  in  the  holes.  Treatment  of  such  dielectric  filled 
slots  is  also  incorporated  in  this  analysis. 

As  a means  of  further  improving  metallic  radomes  Hunk  noted  that 
dielectric  layers  placed  on  this  resonant  surface  could  lead  to  im- 
proved results  [4],  An  investigation  into  this  phenomenon  from  two 
different  viewpoints  was  initiated.  The  one  reported  in  this  work 
extends  the  modal  analysis  technique  to  obtain  a solution.  An 
alternate  solution  using  a mutual  impedance  procedure  has  been  pursued 
by  Munk  [5],  The  two  solutions  complement  one  another  in  that  the 
modal  solution's  strength  is  an  analysis  while  the  mutual  impedance 
solution  is  more  useful  for  design. 

Primarily,  then,  this  work  is  concerned  with  investigating 
several  distinct  new  methods  for  designing  better  metallic  radomes. 
However,  before  becoming  involved  in  the  specifics  of  individual 
cases  and  geometries,  we  shall  devote  some  pages  to  a tutorial  dis- 
cussion of  resonant  periodic  arrays  in  general. 
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A.  Resonant  Reflectors  and  Resonant  Windows 


There  are  two  basic  types  of  resonant  surfaces;  the  resonant 
reflector  and  the  resonant  window.  The  resonant  reflector  is  an  array 
of  resonant  conducting  elements  which,  with  proper  design,  acts  like 
a ground  plane  at  its  resonant  frequency,  hut  transmi ts  varying  amounts 
of  power  at  other  frequencies.  A typical  resonant  reflector  is  shown 
in  Fig.  1-1,  along  with  a typical  reflection  coefficient  curve  for  a 
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Figure  1-1. — Physical  geometry  and  plane  wave  reflection  coefficient 
curve  for  a resonant  dipole  array. 


plane  wave  incident  on  the  reflector.  The  dipoles  are  arranged  in  a 
periodic  lattice.  The  field  reflected  by  the  resonant  reflector  is 
normalized  to  the  field  reflected  by  a flat  plate  of  the  same  size. 

Thus  the  reflection  coefficient  curve  actually  represents  the 
difference  in  the  reflected  field  caused  by  replacing  a ground  plane 
with  a resonant  reflector  of  the  same  size,  with  the  incident  field 
unchanged.  Although  many  applications  require  curved  surfaces, 
it  has  been  shown  that  the  results  obtained  for  flat  panels  are 
directly  applicable  to  curved  resonant  arrays  [2]. 

The  resonant  window  is  the  complement  of  the  resonant  reflector. 

It  is  thus  a resonant  array  of  slots  cut  in  a qround  plane.  With 
proper  design,  this  resonant  slot  array  will  be  transparent  at  its 
resonant  frequency  but  will  transmit  varying  amounts  of  power  at 
other  frequencies.  A typical  resonant  slot  array  is  shown  in  Fig.  1-2, 
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METALLIC  GROUND  PLANE 


Figure  1-2. --Physical  geometry  and  plane  wave  transmission 
coefficient  curve  for  a resonant  slot  array. 


along  with  a transmission  coefficient  curve.  As  with  the  resonant 
reflector,  for  a finite  size  window  the  transmission  curve  is  ob- 
tained through  a normalization  process.  For  the  resonant  window  the 
transmitted  fields  are  normalized  to  the  fields  transit, i tted  through 
an  aperture  of  tie  same  size  as  the  resonant  window,  said  aperture 
being  in  an  infinite  ground  plane.  Thus  for  a finite  resonant  slot 
array  the  transmission  coefficient  of  Fig.  1-2  actually  represents 
the  difference  between  the  fields  transmitted  through  an  aperture 
in  a ground  plane  and  the  fields  transmitted  through  the  same  aperture 
covered  by  the  resonant  slot  array.  In  this  work  we  are  concerned 
primarily  with  resonant  windows. 

Both  types  have  practical  applications.  Resonant  reflectors 
have  been  used  as  components  of  dual  frequency  antenna  feeds  [6]  and 
as  lightweight  parabolic  antennas  [7].  The  resonant  wi ndows  have 
their  main  application  as  radomes.  The  properties  of  these  two 
devices  are  such  that  they  no  doubt  are  capable  of  much  wider  appli- 
cati on. 

As  might  be  expected  from  examination  of  Fig.  1-1,  the  two 
types  of  resonant  surfaces  have  many  common  properties.  In  fact,  if 
we  know  the  transmission  coefficient  of  a slot  array  cut  in  an 
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infi ni tessimal ly  thin,  perfectly  conducting  ground  plane,  we  can  deter- 
mine the  reflection  coefficient  for  complementary  dipole  array  and  vice 
versa,  by  applying  Babinet's  principle  [8].  As  applied  here,  Babinet's 
principle  asserts  that  the  transmission  coefficient  for  a resonant  slot 
array  will  be  equal  to  the  reflection  coefficient  for  the  complementary 
reflecting  array  provided  that  the  F field  of  the  incident  plane  wave 
is  rotated  in  space  by  90°.  While  this  applies  exactly  only  for 
infi ni tessimal ly  thin  panels,  it  can  be  used  to  obtain  good  results  for 
panels  on  the  order  of  0.001>  ir  thickness,  \ being  the  free  space 
wavelength  (see  Chapter  II). 

Now  that  we  ha>o  established  this  basic  relationshiD  between  slot 
and  dipole  arrays,  let  us  investigate  some  of  the  properties  which 
they  have  in  common. 

B . Woods  Anomaly and  Grating  Lobes 

Anyone  concerned  with  designing  these  resonant  surfaces  of 
periodically  placed  dipoles  or  slots  must  be  aware  of  a phenomenon 
known  as  Wood's  anomaly.  Wood's  anomaly  occurs  when  the  phase  delay 
between  the  currents  or  voltages  on  neighboring  elements  is  2nir . An 
example  is  shown  in  Fig.  1-3  for  a resonant  surface  with  a rectangular 
lattice.  In  Fig.  1 -3b  it  is  evident  that  for  a phase  delay  of  2nn 
radians  between  slot  "a"  and  slot  "b"  we  must  have 


(1-1)  d ^( 1 is i n6 ) = ±nX;  n=l,2,3,***  . 

When  the  above  condition  is  satisfied  the  transmission  curve  for  a 
resonant  window  will  have  a null,  i.e.,  total  reflection  will  take 
place,  as  shown  in  Fig.  l-3c.  Converseley,  a resonant  reflector  will 
have  a null  in  the  reflection  curve,  i.e.,  total  transmission  will 
take  place. 

When  the  lattice  is  not  rectangular,  or  when  the  incident  angle 
is  not  in  one  of  the  cardinal  planes,  Fq.  (1-1)  does  not  apply  and 
the  determination  of  the  Wood's  anomaly  frequency  is  somewhat  more 
complicated  (see  Chapter  III).  Flowever,  a simple  rule  which  always 
holds  is  that  one  can  avoid  Wood's  anomaly  for  all  incidence  angles 
by  keeping  the  spacing  between  elements  less  than  x/2.  The  rule  must 
be  modified  in  the  presence  of  dielectric  materials,  since  they  can 
lower  th„  null  frequency  as  discussed  in  Chapter  IV.  For  this 
situation  the  null  is  called  a surface  wave  null,  since  it  is  caused 
by  a propagating  surface  wave. 

Another  phenomenon  connected  with  Wood's  anomaly  is  the  grating 
lobe  onset.  For  frequencies  below  the  frequency  of  the  1st  Wood's 
anomaly  null  all  of  the  energy  scattered  by  the  resonant  surface 
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Wood's  anoma’v  in  a resonant  slot  array: 

a)  Geometry  slot  array. 

b)  Plane  wave  incident  at  angle  o. 

c.)  Resonance  curve  showing  Wood's  anomaly 


travels  either  straight  through  the  resonant  surface  or  else  is 
reflected  in  the  specular  direction.  However,  at  frequencies  higher 
than  the  1st  Wood's  anomaly  null  frequency  the  phasing  between  the 
currents  or  voltages  on  the  elements  is  such  that  energy  may  propagate 
in  other  directions  as  well.  These  directions  are  called  the  grating 
lobe  directions.  Note  in  Fig.  1 - 3c  that  the  transmission  curve 
above  the  Wood's  anomaly  frequency  shows  a resonance,  but  does  not 
attain  a value  of  unity.  This  is  because  some  of  the  energy  is  being 
radiated  in  the  grating  lobe  directions. 

C.  Bandwidth  vs.  Incidence  Angle 

Suppose  we  have  a resonant  window  whose  transmission  coefficient 
curve  is  as  shown  in  Fig.  1-2  for  a plane  wave  normally  incident. 

This  transmission  curve  will  have  a given  bandwidth.  Now  further 
suppose  that  the  incidence  angle  is  changed  so  as  to  be  at  an  angle 
6 in  the  E-plane,  where  E-plone  incidence  is  defined  so  that  the 
plane  determined  by  the  F vector  and  the  incident  plane  wave  Poynting 
vector  is  perpendicular  to  the  plane  containing  the  resonant  surface. 
As  the  angle  6 is  increased  the  bandwidth  of  the  transmission  curve  is 
increased  by  approximately  a factor  of  l/co$e,  with  6=0°  corresponding 
to  normal  incidence.  For  H-plane  incidence,  where  the  plane  defined 
by  the  H-field  vector  and  the  incident  plane  wave  Poynting  vector  is 
perpendicular  to  the  plane  containing  the  resonant  surface,  the  band- 
width is  decreased  by  a factor  of  cosine  0.  This  behavior  is  illus- 
trated by  the  curves  in  Figs.  1-4  and  1-5,  which  show  the  variation 
of  bandwidth  with  incidence  angle  for  an  array  of  4-legged  loaded 
slots . 

A resonant  reflector  has  similar  behavior.  However,  the  band- 
width is  increased  by  a factor  of  1/cose  for  H-plane  incidence  and 
decreased  by  a factor  of  cos6  for  E-plane  incidence. 

D . Bandwidth  vs.  Array  Spacing 

The  relationship  between  the  i nterel  enient  spacing  (i.e.,  dx  and 
dy  of  Fig.  1 -3a ) and  the  bandwidth  of  the  resonant  surface  can  be 
stated  quite  simply.  The  more  closely  packed  the  elements  are  the 
greater  will  be  the  bandwidth  of  the  resonance  curve.  This  relation- 
ship is  true  for  both  resonant  reflectors  and  resonant  windows; 
however,  it  is  limited  to  cases  where  no  grating  lobes  can  propagate 
and  where  the  elements  are  not  touching  one  another. 

If  the  interelement  spacing  dx  or  dv  is  reduced  by  1/2  the 
bandwidth  of  the  resonant  surface  wiTT  approximately  double.  Thus, 
if  both  dx  and  dy  are  reduced  by  1/2  the  resulting  resonant  surface 
will  have  a bandwidth  approximately  four  times  as  large  as  the 
origi nal . 
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Measured  transmission  coefficient  curves  for  an  array  of  transmission  line  loaded 
slop's  for  various  E-plane  incidence  angles.  The  slots  are  4-legged  symmetric 
slots  (Fig.  l-7e)  spaced  1 cm  apart. 


slots  for  various  H-plane  incidence  angles.  The  slots  are  4-legged  symmetric 
slots  (Fig.  l-7e)  spaced  1 cm  apart. 
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onant  Frequency  vs.  Incidence  Angle 

In  Figs.  1-4  and  1-5  a set  of  reflection  curves  vs.  incidence 
angle  are  shown  for  an  array  of  transmission  line  loaded  dipoles. 

While  the  bandwidth  of  these  curves  varies  greatly  with  incidence 
angle,  the  resonant  frequency  changes  very  little.  In  general, 
however,  the  resonant  frequency  of  a resonant  surface  will  change 
with  incidence  angle.  An  example  of  this  is  shown  in  Fig.  1-6  for 
an  array  of  unloaded,  rectangular  slots.  Thus  the  shape  of  the 
individual  elements  is  very  important  in  designing  resonant  surfaces. 
In  the  following  section  of  this  chapter  we  shall  discuss  the  various 
shapes  of  elements  which  have  been  used  in  resonant  surfaces. 

F.  Comparison  of  the  Various  Types 

of  Tuned  El  ements 

Figure  1-7  illustrates  some  of  the  different  shapes  of  elements 
which  have  been  used  in  periodic  surfaces.  Since  the  behavior  of 
the  different  shapes  will  be  the  same  whether  they  are  used  in  a 
resonant  reflector  or  resonant  window  (Babinet's  Principle),  the 
discussion  of  the  relative  merits  of  each  element  applies  to  both 
appl i cati ons . 

Historically,  the  first  slot  shapes  investigated  for  use  in 
resonant  surfaces  were  the  flat  dipole  and  the  circular  hole.  The 
shift  of  resonant  frequency  with  incidence  angle  for  resonant  surfaces 
composed  of  straight  flat  dipoles  has  already  been  illustrated  in 
Fig.  1-6.  Resonant  surfaces  composed  of  circular  slots  also  exhibit 
a similar  shift  of  resonant  frequency  with  incidence  angle  [9]„ 

While  radome  models  have  been  made  and  tested  using  these  slot  shapes 
[10,11],  their  usefulness  is  limited  to  designs  where  only  a narrow 
range  of  incidence  angles  will  be  encountered. 

Resonant  surfaces  composed  of  loops  (Fig.  1 - 7c ) have  a resonant 
frequency  which  is  much  less  dependent  on  incidence  angle  than  was 
the  case  for  the  flat  dipole  and  circular  disk  resonant  surfaces. 
Transmission  curves  for  a resonant  window  composed  of  annular  slots 
are  shown  in  Figs.  1-8  and  1-9  for  various  incidence  angles.  The  im- 
provement in  angles  of  incidence  stability  is  quite  dramatic  when 
compared  wi  th  the  flat  diodes  of  Fig.  1-6.  Perhaps  the  major  short- 
coming of  resonant  surfaces  composed  of  loops  is  that  they  have  a 
fairly  wide  bandwidth  when  compared  with  the  loaded  elements  to  be 
discussed  next.  Nevertheless,  resonant  windows  made  from  annular 
slots  have  been  used  in  the  fabrication  of  radomes  [12], 

The  singly  loaded  element  of  Fig.  1 - 7d  can  be  considered  a 
variation  of  the  flat  dipole  of  Fig.  l-7a.  This  element  has  been 
analyzed  by  treating  it  as  a dipole  termi nated  with  a short-circuited 
transmission  line  load  [3],  thus  the  term  singly  loaded  dipole.  This 
picture  of  the  single  loaded  element  enables  the  designer  to  predict 
quite  simply  how  changes  in  the  shape  of  a loaded  element  will  affect 
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Figure  1-7. --Various  types  of  tuned  elements  used  in  resonant  surfaces 

a)  Flat  dipole  (rectangular  slot). 

b)  Circular  disk  (circular  slot,  circular  hole). 

c)  Loop  (annular  slot). 

d)  Singly  loaded  dipole  (slot). 

e)  4-legged  symmetrically  loaded  dipole  (slot). 

f)  3-legged  loaded  dipole  (slot). 
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1 -10. --Computed  transmission  coefficients  for  an  array 
of  single-loaded  slots  for  various  E-plane 
incidence  angles. 


is  illuminated  by  a plane  wave  with  H-plane  incidence,  there  will  be 
transmission  losses  at  high  incidence  angles  due  to  cross  polarized 
radiation  from  the  transmission  line  load  (see  Chapter  V).  This 
loss  is  illustrated  in  the  curves  of  Fig.  1-11,  which  are  taken  from 
Chapter  V.  If,  however,  the  slots  are  arranged  as  shown  in  Fig.  1-12 
the  cross  polarized  radiation  from  adjacent  elements  cancels  out 
and  lossless  transmission  can  be  obtained  for  both  E-  and  H-plane 
incidence  [14]. 
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Figure  1-1 1 .—Computed  transmission  coefficients  for  an  array  of  single-loaded 
slots  for  various  H-plane  incidence  angles. 
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Figure  1 -12. --Arrangement  of  single-loaded  slots  which 
eliminates  cross  polarized  radiation  for 
H-plane  incidence  angles. 


An  array  of  the  type  shown  in  Fig.  1-12  is  linearly  polarized. 

If  a resonant  surface  capable  of  reflecting  or  transmitting  arbi- 
trarily polarized  waves  is  desired  then  one  can  use  elements  of  the 
type  shown  in  Figs.  l-7e  and  l-7f.  These  elements  can  be  considered 
either  as  combinations  of  loaded  dipoles  or  as  variations  of  the 
circular  loop.  These  elements  will  resonate  when  they  are  approxi- 
mately 1 wavelength  in  circumference.  Due  to  the  symmetry  of  the 
4-legged  loaded  element  cross-polarized  radiation  is  neglibible, 
and  thus  it  can  have  nearly  lossless  transmission  for  high  incidence 
angles,  as  is  illustrated  in  Fig.  1-13. 

It  is  interesting  to  note  that  while  the  4-legged  loaded  element 
is  perhaps  the  most  useful  and  sophisticated  of  all  the  element 
designs  shown  in  Fig.  1-7,  it  is  also  one  of  the  oldest.  This 
element  was  conceived  by  Flunk  as  a circularly  polarized  version  of 
the  single-loaded  dipole  of  Fig.  l-7d,  and  its  properties  had  been 
analyzed  both  experimentally  and  mathematically  by  early  1967  [15]. 
This  predates  by  several  years  much  of  the  work  referenced  previously 
which  was  concerned  with  arrays  of  circular  holes,  loops,  and 
rectangular  slots  which  do  not  perform  nearly  as  well  as  the  4-legged 
symmetric  slot  arrays. 

The  bandwidth  of  the  loaded  elements  can  be  adjusted  over  fairly 
wide  limits  by  the  means  illustrated  in  Fig.  1-14.  In  addition,  since 
the  loaded  elements  are  more  compact  than  the  circular  loop,  the 
resonant  surface  designer  has  more  freedom  in  choosing  the  interele- 
ment spacing  and  lattice  structure.  As  stated  previously,  this  will 
give  the  designer  even  more  control  of  the  bandwidth  of  the  resonant 
surface. 
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figure  1-14. --Effect  of  element  design  on  bandwidth: 

a)  A loaded  element  with  a relatively 
wide  bandwidth. 

b)  The  bandwidth  is  decreased  by  decreasing 
the  width  of  the  conductor. 

c)  The  bandwidth  is  further  decreased  by 
changing  the  shape  of  the  element  as 
shown. 


While  Figs.  1-4,  1-5  and  1-13  illustrate  the  stability  of 
resonance  frequency  wi  th  incidence  angle  which  can  be  obtained  with 
4-legged  loaded  elements,  it  should  be  noted  that  this  ^ability  also 
depends  on  the  i ntereloment  spacing  and  the  orientation  of  the 
elements.  If  very  close  spacing  is  desired  and  the  slots  are  inter- 
laced the  resonance  frequency  may  shift,  as  illustrated  in  Fig.  1-15. 

To  overcome  this  problem  the  3-legged  loaded  element  was  developed. 
Because  of  its  high  degree  of  symmetry  it  can  be  packed  very  tightly. 
The  3-legged  element  shape  can  also  be  modified  to  better  fit  different 
array  geometries.  For  example,  the  symmetrical  3-legged  element  fits 
quite  naturally  into  an  equilateral  triangle  grid.  The  symmetry  of 
the  element  can  be  modified  so  that  it  can  fit  other  array  grids. 

This  is  discussed  in  some  detail  by  Pelton  who  dealt  with  3-legged 
unloaded  (V)  elements  [16].  In  Figs.  1-16  and  1-17  transmission 
curves  for  various  incidence  angles  are  shown  for  an  array  of  3-legged 
elements.  The  resonance  frequency  is  unchanged  for  incidence  angles 
to  80°,  and  despite  the  close  packing  of  elements  the  bandwidth  is 
more  narrow  than  for  the  loop  array  of  Figs.  1-8  and  1-9.  A resonant 
window  of  the  type  shown  in  Fig.  1-17  was  used  to  fabricate  a high 
performance  metallic  radome  model  with  a 3-1  fineness  ratio  [1,2]. 

The  power  handling  capability  of  these  various  element  shapes  has 
been  investigated.  All  of  them  can  be  used  to  fabricate  radomes  or 
resonant  reflectors  capable  of  withstanding  the  power  generated  by 
most  airborne  radars.  Actual,  measured  power  transmission  and 
reflection  capabilities  for  various  element  types  are  contained  in 
References  [12,17].  When  designing  and  fabricating  resonant  surfaces 
all  corners  should  be  rounded,  array  spacing  should  be  small,  and  the 
elements  should  be  embedded  in  a dielectric  material  if  possible. 
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Figure  ]-15.--Measured  H-plane  transmission  curves  for  an 
interlaced  array  of  4-legged  loaded  slots. 


array  of  3-legged  symmetric  loaded  slots. 


G.  Biplanar  Resonant  Surfaces 


Some  applications  for  resonant  surfaces  may  require  a relatively 
wide  reflection/transmission  bend  coupled  with  sharp  skirt  select- 
ivity. These  properties  can  be  obtained  from  biplanar  resonant 
surfaces  [18,19,20], 

An  example  of  this  for  a resonant  window  is  shown  in  Figs.  1-18 
and  1-19.  These  curves  are  for  a biplanar  slot  array  made  by  taking 
two  arrays  of  the  type  shown  in  Figs.  1-4  and  1-5,  placing  them 
parallel  to  one  another,  and  separating  them  1.1  cm  (0.33A).  Thus, 
the  improvement  obtained  in  the  usable  transmission  bandwidth  and 
skirt  selectivity  by  adding  a second  layer  can  be  seen  by  comparing 
Figs.  1-18,  1-19  and  Figs.  1-4,  1-5.  When  making  the  comparison  note 
the  change  in  the  vertical  scale.  The  improvement  is  quite  marked. 

One  problem  with  bi-planar  resonant  wi ndows  is  the  dip  in  the  resonance 
curve  for  high  H-plane  incidence  angles.  This  dip  is  caused  by  the 
near  field  coupling  between  the  two  panels  and  becomes  deeper  as  the 
panels  are  moved  close  together  [19].  Actually,  the  optimum  spacing 
between  the  panels  disregarding  this  dip  would  be  ^SA.  However,  the 
spacing  shown,  .33A,  is  the  result  of  a tradeoff  between  optimum 
selectivity  and  the  depth  of  ttie  dip  at  resonance  for  80°  H-plane 
incidence.  Means  for  overcoming  this  and  other  problems  of  biplanar 
resonant  windows  are  discussed  in  Chapter  VI. 

The  usable  reflection  band  and  skirt  selectivity  for  resonant 
reflectors  can  also  be  improved  by  using  a two  layer  dipole  array. 

This  improvement  is  shown  by  comparing  Figs,  1-20  and  1-21.  By  using 
the  Butterworth  filter  design  even  more  marked  improvement  can  be 
obtained  using  3 or  more  layers  [21]. 

H . Disc ussion  of  Various  Tuned  Radome  Configurations 

We  will  now  assume  that  the  reader  knows  how  to  construct  a 
metallic  resonant  window  that  has  the  required  resonance,  bandwidth, 
and  incidence  angle  properties.  The  next  problem  is  how  to  Incorpor- 
ate the  resonant  window  into  the  overall  radome  design. 

Several  possible  physical  configurations  for  tuned  radomes  are 
illustrated  in  Fig.  1-22,  The  various  configurations  have  relative 
trade-offs  in  relation  to  power  handling  capability,  ease  of  fabri- 
cation, skirt  selectivity,  boresight  error,  mul ti -frequency  capa- 
bilities, and  lightning  protection.  In  this  section  we  shall 
discuss  the  various  configurations  and  the  relative  strengths  and 
weaknesses  of  each. 

The  most  easily  fabricated  tuned  radome  is  the  thin  film  radome 
shown  in  Fig.  !-22a.  This  radome  is  protected  from  the  environment 
by  a conventional  dielectric  radome,  and  thus  need  only  be  strong 
enough  to  support  its  own  weight.  Normal  construction  would  consist 
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Figure  1-21. — Measured  reflection  curves  for  two  dipole  arrays  of  the  type 
shown  in  Fig.  1-20  separated  by  0.27  \0,  where  A0=3.2  cm. 
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Figure  1-22. --Some  possible  configurations  for  tuned  radomes: 

a)  Thin  film  resonant  window  behind 
conventional  radome. 

b)  Thick  metal  radome. 

c)  Multi-layer, 

d)  Dielectric-resonant  window  sandwich. 


- - i 


of  a thin  film  of  conducting  metal  deposited  on  a thin  dielectric 
substrate.  The  metal  film  is  then  chemically  etched  to  produce  the 
slotted  resonant  window.  Successful  prototypes  of  this  type  of  tun">d 
radome  have  been  constructed  [1,2,22].  Since  fabrication  is  simple, 
holding  the  required  tolerances  is  not  a problem.  This  configuration, 
with  proper  design,  yields  a very  low  boresight  error.  Since  the 
metal  is  not  in  contact  with  the  external  environment,  this  config- 
uration does  not  give  good  lightning  protection. 
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The  next  configuration  to  be  considered  is  the  thick  nietal 
radome,  shown  in  Fig.  1-22b.  Physically,  the  metal  would  be  approxi- 
mately 0.1"  thick.  In  Chapters  II  and  IV  we  show  that  the  major  effect 
of  making  the  resonant  window  thicker  is  a narrowing  of  the  bandwidth 
of  the  transmission  curve.  This  is  not  a serious  problem,  as  the 
narrowing  bandwidth  can  be  compensated  by  using  a wide  band  element 
shape.  The  relative  advantages  of  the  thick  metallic  radome  are  in- 
creased strength  and  good  lightning  protection.  However,  it  can  be 
quite  difficult  to  mill  an  array  of  resonant  slots  in  a thick  piece 
of  metal  with  the  tolerance  and  uniformity  required  for  lossless 
transmission  at  resonance.  One  possible  solution  to  this  problem  is 
to  use  simple  shapes,  i.e.,  rectangular  or  circular  slots.  The 
loading  necessary  to  stabilize  the  resonance  frequency  when  varying 
the  incidence  angle  would  be  obtained  from  the  dielectric  material 
used  to  fill  the  slot.  Theoretical  investigations  of  this  technique 
appear  promising,  as  shown  in  Chapter  IV. 

The  performance  of  the  multi-layer  radome  is  directly  related 
to  the  performance  of  bi planar  slot  arrays , which  were  discussed  in 
Section  G and  are  further  investigated  in  Chapter  VI.  The  basic 
advantage  of  the  multi-layer  tuned  radome  over  other  configuration  is 
the  relatively  wide  passband  coupled  with  sharp  skirt  selectivity. 

The  configuration  shown  in  Fig.  1 -22c  will  also  have  good  lightning 
protection.  A variation  of  this  design  would  have  dielectric  layers 
on  the  inner  and  outer  surfaces  as  well  as  in  the  center.  The 
advantage  of  this  would  be  increased  power  handling  capacity  and 
relatively  constant  bandwidth  wi th  changing  incidence  angles,  as 
discussed  in  Chapter  VI. 

The  dielectric  sandwich  configuration  is  shown  in  Fig.  l-22d. 

For  lossless  transmission  the  two  dielectric  layers  should  have  the 
same  electrical  thickness.  This  configuration  would  have  a greater 
power  handling  capability  than  any  of  the  other  configurations  shown. 

As  with  the  multi-layer  radome,  there  should  be  no  gaps  between  the 
dielectric  layers  and  the  metal  layer.  As  shown,  lightning  protection 
world  be  poor.  However,  this  protection  would  be  improved  consider- 
ably by  running  wires  from  the  metal  layer,  through  the  outer 
dielectric  layer  terminating  at  the  outer  surface  of  the  radome. 

These  wires  would  then  drain  accumulating  static  charges  from  the 
outer  surface  of  the  radome. 

The  four  configurations  presented  are  not  the  only  ones  possible. 
They  are  merely  intended  as  an  illustration  of  the  options  available 
to  the  tuned  radome  designer. 
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I . Methods  of  Analysis 


There  are  basically  four  different  methods  which  have  been  used 
to  analyze  periodic  scattering  arrays.  They  are:  1)  variational; 

2)  point  matching;  3)  mutual  impedance;  and  4)  modal  matching.  In 
this  work  we  are  concerned  with  the  foutth  type  of  solution,  Ljt  we 
will  also  discuss  the  other  three  types  briefly. 

Early  investigations  of  resonant  slot  arrays  dealt  with  thin 
arrays  of  sguare  or  rectangular  slots.  In  1961  Kieburtz  and 
Ishimaru  [23]  used  variational  methods  to  obtain  the  transmission 
coefficients  for  normal  incidence.  By  1965  a point  matching  solution 
using  an  entire  domain  basis  was  developed  by  Ott  et.al.  [24]  to 
obtain  the  reflection  coefficient  for  the  complementary  dipole  array 
for  normal  incidence.  For  these  thin  arrays  Babi net's  principle 
applies,  so  that  a solution  to  the  dipole  problem  is  also  a solution 
for  the  complementary  slot  problem,  and  vice  versa. 

The  solutions  mentioned  thus  far  could  deal  only  with  arrays  of 
rectangular  slots  or  dipoles.  However,  a definite  breakthrough  in 
both  the  performance  and  analysis  of  periodic  arrays  was  made  by 
Munk  in  1967.  He  developed  the  transmission  line  loaded  element  of 
Fig.  1 - 7d  [25],  and  also  developed  a method  for  calculating  the  re- 
flection coefficient  for  an  array  of  loaded  dipoles  [15],  This  method 
of  analysis  involved  the  summation  of  mutual  impedances  to  obtain  the 
input  impedance  of  an  element  in  the  array,  and  is  thus  known  as  the 
mutual  impedance  solution.  With  some  approximations,  the  solution  of 
Munk  could  also  deal  with  arrays  of  4-legged  loaded  slots,  as  shown 
in  Fig.  l-7e.  Pelton  has  since  extended  the  mutual  impedance  solution 
so  that  it  can  deal  with  V-shaped  and  cross  shaped  (+)  dipoles  as 
well  [16].  The  mutual  impedance  solution  can  include  thickness  effects 
when  dealing  with  dipole  (reflecting)  arrays.  However,  only  thin  slot 
arrays  can  be  analyzed  with  this  method  (Cabinet). 

Still  another  method  for  analyzing  thin  arrays  was  developed  in 
1970  by  Chen,  who  used  a modal  matching  technique  to  obtain  the  trans- 
mission coefficient  for  a periodic  array  of  rectangular  slots  [26]. 

The  array  could  be  covered  on  one  side  by  a dielectric  layer.  He  also 
published,  in  a separate  paper  [27],  a modal  matching  solution  for  the 
scattering  from  a periodic  array  of  thin  conducting  plates.  These 
modal  solutions  used  the  Floquet  mode  set  developed  by  Galindo  and 
Amitay  for  the  analysis  of  phased  array  antennas  [28].  This  Floquet 
mode  set  is  discussed  in  Chapter  III.  The  thin  plate  solution  did  not 
allow  for  the  presence  of  a dielectric  layer.  More  recently, 

Montgomery  [29]  has  also  obtained  a modal  matching  solution  for  the 
thin  conducting  plate  problem  which  does  allow  a dielectric  layer  on 
one  side  of  the  array,  while  Chen  has  extended  this  solution  to 
circular  holes  [30].  The  performance  of  these  arrays  of  rectangular 
or  circular  elements  was,  however,  inferior  to  that  of  the  arrays 
of  loaded  elements  already  analyzed  by  flunk. 
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The  section  of  this  work  dealing  with  thin  slot  arrays  (Chapter 
V)  contains  calculations  of  transmission  coefficients  for  various 
slot  array  geometries.  A modal  analysis  solution  is  employed.  The 
solution  is  similar  to  that  obtained  by  Chen.  However,  the 
solution  has  been  extended  to  include  dielectric  layers  on  one  or 
both  sides.  Also,  in  addition  to  rectangular  apertures,  arrays  of 
single  loaded,  4-legged  loaded,  and  3-legged  loaded  slots  (Fig.  1-7) 
can  be  analyzed  with  the  modal  solution  derived  in  Chapter  V.  A 
portion  of  the  work  presented  in  Chapter  V has  been  previously 
published  [31]. 

As  mentioned  previously  in  this  chapter,  biplanar  slot  and 
dipole  arrays  are  of  interest  for  many  applications.  To  our  knowl- 
edge these  arrays  have  not  been  analyzed  using  variat'onal  or  point 
matching  solutions.  Using  the  mutual  impedance  method,  Munk  [32] 
and  more  recently  Munk  ana  Luetbc-rs  have  analyzed  biplanar  dipole 
arrays  [18].  Also,  Luebbers  and  Munk  nave  extended  the  analysis  to 
an  N-layer  array  of  dipoles  [21].  The  biplanar  slot  array  has  also 
been  analyzed  using  mutual  impedances  [19,20]. 

In  Chapter  VI  we  present  the  first  modal  matching  solution  for 
a biplanar  slot  array.  One  limitation,  which  does  not  apply  for  the 
mutual  impedance  solution,  is  that  the  two  slot  arrays  must  be 
identical.  Advantages  of  the  modal  solution  of  Chapter  VI  are  that 
dielectric  layers  can  be  present,  and  that  the  analysis  can  handle 
all  of  the  various  loaded  slot  shapes.  Munk,  however,  will  soon 
publish  a mutual  impedance  analysis  of  the  biplanar  slot  array  which 
includes  dielectric  layers  [5], 

Perhaps  the  greatest  advantage  of  the  modal  matching  type  of 
solution  is  that  it  can  be  used  to  analyze  thick  slot  arrays.  Chen 
[33]  formulated  a modal  matching  solution  for  the  transmission  through 
a finitely  thick  conducting  plate,  and  gave  some  results  for  rectangu- 
lar and  circular  apertures . In  Chapter  IV  a similar  solution  to  this 
problem  is  presented.  However,  this  solution  can  also  handle  the 
various  loaded  slot  shapes,  can  accommodate  dielectric  layers  on  both 
sides  of  the  thick  slot  array,  and  also  allows  the  slots  themselves 
to  be  filled  with  dielectric. 

One  final  method  of  analyzing  periodic  slot  arrays  which  has  not 
yet  been  mentioned  involves  modeling  the  periodic  slot  array  with  one 
(or  more)  slots  in  a waveguide.  This  waveguide  simulation  can  yield 
valuable  information  about  resonant  array  parameters  which  do  not 
strongly  depend  on  incidence  angle.  Also,  the  waveguide  simulator 
may  bo  much  easier  to  fabricate  than  an  entire  resonant  slot  array, 
especially  when  the  slot  array  is  thick.  In  Chapter  II  we  will 
show  how  the  transmission  through  a thick  rectangular  waveguide  iris 
can  be  calculated  using  modal  analysis  [34,35],  and  how  significant 
information  concerning  tne  effects  of  thickness  on  resonant  slot 
arrays  can  be  obtained  from,  these  calculations. 


CHAPTER  II 

RECTANGULAR  WAVEGUIDE  WINDOWS 


The  major  portion  of  this  work  is  concerned  with  transmission 
through  periodic  slot  arrays.  These  arrays  are  analyzed  using  a 
modal  matching  solution.  One  of  the  main  advantages  of  this  type  of 
solution  is  that  it  can  be  formulated  to  include  the  finite  thickness 
of  the  slotted  conducting  panel. 

Our  earlier  work  on  slots  with  walls  of  finite  thickness  was 
based  on  waveguide  simulation  of  thick  slot  arrays.  It  is  well  known 
that  the  dominant  mode  field  in  a rectangular  waveguide  can  be  con- 
sidered as  composed  of  two  plane  waves.  This  fact,  coupled  with  image 
theory,  implies  that  a slot  in  a waveguide  simulates  an  infinite  array 
of  slots  with  two  incident  plane  waves.  Thus  if  we  are  concerned  with 
investigating  properties  of  periodic  slot  arrays  which  do  not  strongly 
depend  on  incidence  angle,  a waveguide  simulation  can  yield  the  desired 
information.  The  main  advantages  of  the  waveguide  simulation  were  that 
1)  it  was  easier  to  fabricate  one  slot  for  a waveguide  simulation  than 
an  entire  array  of  slots,  and  2)  the  transmission  through  the  slot  in 
the  waveguide  could  be  more  accurately  measured. 

The  modal  solution  presented  in  this  chapter  for  the  thick 
waveguide  window  is  almost  identical  to  that  given  in  Chapter  IV  for 
the  thick  slot  array.  The  only  difference  is  that  in  Chapter  IV  the 
fields  in  the  regions  outside  the  slot  are  expanded  in  Floquet  modes 
rather  than  in  rectangular  waveguide  modes  as  is  done  here.  Thus  the 
solution  given  here  will  serve  to  introduce  the  reader  to  the  basic 
method  of  solution  which  will  be  used  throughout  this  work. 

In  conjunction  with  this  work  a modal  analysis  solution  for  the 
transmission  through  a rectangular  waveguide  window  was  developed. 

Using  this  solution  the  effects  of  thickness  and  finite  conductivity 
were  investigated  and  some  interesting  results  were  obtained.  Since 
these  results  are  applicable  to  periodic  slot  arrays  and  will  not  be 
repeated  in  later  chapters,  they  are  included  herein  for  completeness. 

A.  Modal  Analysis  Solution 


The  geometry  and  coordinates  of  a thick,  rectangular  slot  in  a 
rectangular  waveguide  are  shown  in  Fig.  2-1.  It  is  assumed  that  only 
the  dominant  TE-jq  mode  will  propagate  in  the  larger  waveguide.  The 
problem  is  to  calculate  the  transmission  and  reflection  coefficients 
of  the  slot.  If  the  slot  is  infinitesimally  thin,  i.e.,  £-<-0,  vari- 
ational techniques  can  be  used  to  obtain  an  expression  for  the 
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Figure  2-1 Geometry  and  coordinate  system  for  a thick 
rectangular  slot  in  a rectangular  waveguide. 


equivalent  shunt  impedance  Zs  (see  Fig.  2-2),  from  which  R and  T can 
be  calculated  [10,36].  For  finite  values  of  t,  however,  this  method 
appears  to  be  difficult  if  not  impossible  to  apply,  except  for  the 
degenerate  cases  where  the  slot  width  equals  the  waveguide  width 
(capacitive  obstacle)  or  the  slot  height  equals  the  waveguide  height 
(inductive  obstacle).  Results  for  these  cases  are  given  by  Marcuvitz 
[37].  However  these  results  are  not  applicable  to  resonant  slot  arrays 
since  these  degenerate  cases  are  not  resonant  structures. 

The  modal  analysis  method  for  calculating  the  reflection  and 
transmission  coefficients  of  waveguide  obstacles  was  developed  by 
Wexler  [38].  The  method  can  be  applied  to  almost  any  type  of  waveguide 
discontinuity  providing  the  waveguide  modes  of  each  discontinuity 
region  are  known.  For  a rectangular  slot  the  modes  in  the  discontin- 
uity region  (i.e.,  the  slot)  are  merely  the  usual  modes  for  a 
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THIN  SLOT 


(a)  THIN  SLOT  IN  WAVEGUIDE 


(b)  SLOT  REPLACED  BY  EQUIVALENT 
SHUNT  IMPEDANCE  Z 


(c)  Zs  COMBINED  WITH  ZWG  TO  FORM 
EQUIVALENT  IMPEDANCE  Z e£! 


Figure  2-2 . --Equi val ent  impedances  for  a thin  slot. 


rectangul ar  wavegui de . The  large  waveguide  is  denoted  as  region  "a" 
in  Fig.  2-1.  The  slot  will  be  considered  to  be  a small  waveguide,  and 
be  denoted  as  region  "b".  The  geometry  is  now  treated  as  a waveguide 
junction.  The  transverse  components  of  the  modes  in  region  a are  [39] 

(2-1)  <?a1  = si  "(234  cos  (934  x 


(2-2)  F . = y . si n(2a!.)  cos  (934  y 


where  x and  y are  unit  vectors,  p and  q the  conventional  mode  numbers, 
(integers ) , dnd  y^-j  is  the  W'-ive  admi  ttance  of  the  i-tn  mode  given  by 


<2-3>  -/I1V===^= 

| (Si,  +(ai)2.(|i, 

The  factor  ejwt  is  suppressed,  and  j = /-I.  Similarly  in  region  b 

^•e'*  ~Y‘  < Y < ^7-  anrl  < x < ^7^)  the  transverse  components  of 
the  modes  are 
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2y-w+ t 


) cos  (stt 


2x-v+h  N " 
—aw  ) x 


(2-5)  fT.  . = yb.  sin(nr  . 2^i)  cos(s„  • *2^)  J 


. fF  A 
27 


<f)2+(^)2-(|i)2 


• cos(r»  • z)'g«*t)  sin(s.  ■ x 

where  r and  s are  the  mode  numbers  and  ybj  is  given  by 


<2-6> ' - »bj  ■ & w 


(^)2*(^)2-(|i)2 


These  modes  are  neither  TE  nor  TM  to  the  1 axis,  but  are  characteri zed 
by  the  absence  of  a y-directed  E field.  This  inode  set  is  more 
efficient  for  this  problem  than  the  usual  TEZ  and  TMZ  modes  since  we 
can  match  the  tangential  fields  across  the  aperture  with  only  one 
vector  component.  Modes  are  numbered  consecutively,  i.e.,  i=l,2,3,-*-, 
and  j=l  ,2,3,* • • , with  each  value  of  i corresponding  to  a particular 
pair  of  values  for  p and  q.  Due  to  symmetry,  not  all  modes  are 
excited;  p and  r are  always  odd,  q and  s even  (or  0)  for  this  geometry 
and  excitation. 
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(2-7) 


r - ( 1 +p  ) 


-al 


where  c is  the  reflection  coefficient  for  mode  i — 1 , and  the  a-j  are 
the  coefficients  of  the  backscattered  modes.  The  total  transverse 
magnetic  field  FT  is  expressed  by 


1 


(2-8)  H = (l-0)  a,  ha)  - a,  F 

The  fields  in  waveguide  b just  above  junction  1 are  to  be  expressed 
in  terms  of  modes  in  b.  However,  one  must  account  for  the  reflection 
of  these  modes  from  junction  2,  since  each  transmitted  mode  j reaching 
junction  2 will  scatter  power  into  other  modes  k,  some  of  which  return 
to  junction  1.  It  is  therefore  necessary  to  account,  for  these  returned 
waves  as  well  as  the  positively  directed  ones  when  summing  fields.  In 
order  to  do  this  a scattering  coefficient  is  defined  as  equal  to 
the  mode  coefficient  of  the  k-th  backscaltered  mode  present  just 
above  junction  1 due  to  mode  j scattering  ^rom  junction  2.  Clearly, 
to  find  the  fields  due  to  one  wave  incident  on  the  s',  .t  the  reflected 
fields  from  junction  2 must  be  foun;.  for  earh  j mode.  These  tedious 
computations  can  be  avoided  for  this  problem  since  the  obstacle  is 
symmetric  about  the  X-Y  plane.  By  using  symmetric  and  antisymmetric 
excitations  we  can  find  the  T-equi valent  circuit  parameters  (see  Fig. 
2-3)  without  evaluating  a complete  set  of  scattering  coefficients. 
Symmetric  excitation  of  the  slot  is  obtained  by  having  two  incident 
modes  in  the  waveguide,  one  traveling  in  the  +Z  direction  and  the  other 
in  the  -Z  direction,  such  that  the  F fields  are  in  phase  in  the  X-Y 
plane;  antisymmetric  excitation  is  obtained  if  these  modes  are  1 80 0 
out  of  phase  in  the  X-Y  plane.  For  symmetric  excitation  an  open 
circuit  appears  at  the  X-Y  plane;  anti svnr-.etri cal  excitation  produces 
a short  circuit.  Under  these  conditions  Sj|<=0  for  j^k,  and 


where  r j is  the  propagation  constant  for  mode  j in  guide  b.  For  a 
rectangular  slot  with  modes  as  defined  previously  (Eqs.  2-4 ,2-5 ,2-6) , 
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THICK  SLOT 


(o)  THICK  SLOT  IN  WAVEGUIDE 


(c)  T CIRCUIT  COMBINED  WITH  2 wc  TO 
FORM  Zeq 


Figure  2-3. --Equivalent  impedances  for  a thick  slot. 


(2-10)  r.  =J(^)2  + (^i)2  - (|i)2  . 

The  plus  and  minus  signs  in  Eq.  (2-9)  correspond  to  symmetrical  and 
anti  symmetrical  excitation  respectively.  With  anti symmetri cal 
excitation  the  computed  input,  impedance  of  the  slot  is  equal  t.o  the 
upper  arm  impedance  of  the  equivalent  T circuit  so  that  once  p is 
calculated  for  anti  synwetri  c excitation  (ca)  we  can  obtain  Zm  from 
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(2-11) 


m 
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1+pa 


where  pa  is  the  dominant  mode  reflection  coefficient  (see  Eq.  (2-7)) 
with  antisymmetric  excitation  and  ZWg  is  che  waveguide  impedance. 

Once  the  p is  obtained  for  symmetri  c exci  tati  on  (ps)  the  common  branch 
impedance  Z12  can  be  found  from  the  above  equation  and  the  fact  that 
for  symmetrical  excitation  we  have 


(2-12) 
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with  ps  the  reflection  coefficient  for  symmetric  excitation. 

With  either  symmetric  or  anti symnetri c excitation  the  fields  in 
region  b just  above  junction  1 are  given  by 


(2-13)  r . ^ bj  ?bj  n ♦ Sj,) 


(2-, 4)  H . ^ bj  Fbj  (1  - Sjj) 


where  bj  is  the  coefficient  of  the  j-th  mode. 

To  solve  for  the  unknown  coefficient  p the  boundary  conditions 
at  the  discontinuity  must  be  satisfied;  continuity  of  transverse 
electric  anc  magnetic  fields  across  the  aperture,  and  zero  tangential 
F at  the  surface  of  the  conducting  panel  which  contains  the  slot. 

In  waveguide  region  a it  can  be  easily  shown  that 


(2-15) 


2 ds  = 0 


where  m is  a mode  number  in  waveguide  a,  i^m,  and  Ja  ds  denotes  an 
integration  over  the  cross-section  of  waveguide  a.  Following  Wexler's 
procedure,  we  enforce  continuity  of  transverse  electric  field  across 
the  aperture  bv  equating  Eq.  (2-7)  with  Eq . (2-13),  take  the  cross 
product  with  Fiam  and  integrate,  keeping  in  mind  the  orthogonality 
relation  of  Eq . (2-15),  The  results  are 
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(2-17) 
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when  m^l , where  Jk  ds  denotes  an  integration  over  the  cross-section 
of  waveguide  b.  This  integration  also  enforces  the  boundary  condition 
of  zero  tangential  F at  the  surface  of  the  panel. 


To  provide  continuity  of  the  transverse  magnetic  field  through 
the  aperture  we  equate  Eq.  (2-8)  and  Eq.  (2-14),  take  a cross  product 
with  ebn,  and  integrate.  By  using  the  orthogonality  relation 


(2-18)  j ebn  x Fbj  • z ds  = 0 


the  result  is 
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If  we  now  substitute  Eq.  (2-17)  into  Eq.  (2-19)  and  change  index  m to 
i the  a^  coefficients  are  eliminated,  and  we  obtain  the  equation 


(2-20) 
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Since  the  computer  can  solve  only  a limited  number  of  equations  the 
infinite  series  were  truncated  at  M and  N,  where  M and  N are  the 
number  of  modes  used  to  approximate  the  fields  in  waveguide  regions  a 
and  b respectively.  Equation  (2-20)  is  really  N linear  equations 
correspond)' ng  to  n=l ,2,3, • • • ,N.  There  are  N+l  unknowns,  namely 

bi  62  bw 

p and  the  N modal  coefficients  in  waveguide  b (— , •— ) , but 

a "j  o'!  o ”| 

by  dividing  Eq.  (2-16)  by  a]  and  rearranging  we  have 
(2-21)  » J_  ea,  x Fa,-z  ds  - ^ 0‘Sjj)  Jt  ebJ  * S,,  -l  ds 
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which  in  combination  with  Eq.  (2-20)  forms  a system  of  N+l  linear 
equations  with  N+l  unknowns. 

The  integrations  are  fairly  straightforward  for  this  problem, 
and  the  results  will  be  given  here: 
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The  calculations  presented  in  this  chapter  were  made  by  solving 
the  system  of  equations  (i.e.,  Eq.  (2-20)  and  Eq.  (2-21))  for  p using 
both  symmetric  and  antisymmetric  excitation  and  the  appropriate 
equation  (i.e.,  Eq.  (2-11)  or  Eq.  (2-12))  to  determine  the  equivalent-T 
circuit  parameters.  The  reflection  coefficient  can  be  calculated  by 
reducing  the  equivalent-T  circuit  to  Zgq,  with  complex  T (transmission 
coefficient)  given  by  transmission  line  techniques  as 


Z,0  Z (1+R) 

(2-26)  T = H-M — , 

2 2m  Z12  + Z12  Zw9  + <V  + Zm 


The  number  of  modes  used  to  approximate  the  fields  did  not  appear  to 
be  critical.  Values  for  the  equivalent  circuit  parameters  agreed 
to  within  a few  per  cent  when  the  number  of  modes  in  waveguide  b were 
varied  from  6 to  9.  A rule  of  thumb  to  follow  when  choosing  the 
number  of  modes  is  that  the  ratio  of  the  number  of  modes  in  waveguide 
a to  the  number  of  modes  in  waveguide  b should  be  the  same  as  the 
ratio  of  the  area  of  waveguide  a to  the  area  of  waveguide  b [40]. 

The  calculations  were  made  using  an  IBM  360/75  (and  later  an 
IBM  370/165)  computer.  The  simultaneous  equations  were  solved  using 
IBM  software  modified  to  handle  complex  arithmetic. 

Using  the  waveguide  measurement  system  described  in  Appendix  A 
the  value  of  the  equivalent  impedance  was  measured  for  4 different 
slots  as  a function  of  frequency.  All  the  measurements  were  made  with 
S-band  waveguide  with  dimensions  v=1.34".  The  calculated  values  of 
Zeq  were  made  with  the  maximum  values  of  the  mode  numbers  p,  q,  r, 
and  s being  19,  22,  11,  and  0 respectively.  This  corresponds  to  120 

modes  in  the  waveguide  (M  = . 9^.)  and  6 modes  in  the  slot  being 

used  to  approximate  the  fields,  since  p and  r are  always  odd  while  q 
and  s are  always  even. 

Figures  2-4  through  2-9  ere  plots  of  calculated  and  measured 
values  of  Zeq  and  |Tj  for  slots  of  dimensions  t=l .68  inches,  h=,0625 
inches  and  thicknesses  .0625,  .125,  and  .1875  inches.  At  resonance, 
these  thicknesses  correspond  to  .019A,  .037A,  and  ,056x  respectively. 
Circular  loci  of  Zeq  corresponding  to  transmission  losses  of  .1,  .5, 
1.0,  and  4.0  dB  are  marked  on  Fig.  2-4  to  illustrate  how  accurate  the 
Smith  Chart  plots  of  Zeq  are  for  determining  values  of  T near 
resonance.  These  figures  show  that  the  modal  analysis  method  yields 
values  of  ZeQ  which  show  good  agreement  with  values  obtained 
experi mental ly. 
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Figure  2-7.— Calcul ated  and  measured  values  of  the  transmission 
coefficient  for  a 0.125"  thick  rectangular  slot  in 
a waveguide  vs.  frequency. 
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Figure  2-8.— Calculated  and  measured  values  of  the  equivalent  impedance  Zeq  for 
a 0.187"  thick  rectangular  slot  in  a waveguide  vs.  frequency. 


FREQUENCY  (GHi) 


Figure  2-9. — Calculated  and  measured  values  of  the  transmission 
coefficient  for  a 0.187"  thick  rectangular  slot  in 
a waveguide  vs.  frequency. 


B.  Finite  Conductivity 

For  thin  slots  (i.e.,  * < .1875"  at  S-band)  the  agreement 
between  measured  and  calculated  values  of  the  equivalent  impedance 
of  the  slot  was  excellent.  However,  the  thickest  measured  slot 
( £ > > ) did  not  show  such  good  agreement  between  measurements  and 
calculations  using  the  modal  analysis  method  as  described  previously. 
The  calculations  predicted  perfect  transmission  at  resonance,  whereas 
the  measurements  showed  an  appreciable  transmission  loss.  Using  a 
simple  perturbati onal  method,  Harrington  [41]  gives  the  attenuation 
constant  due  to  imperfectingly  conducting  guide  walls  as 

(2-26)  a = — R [1  + (f./f)2] 

hnll  - <fc/f)2 


where  R = surface  resistance,  n = fc  = the  cutoff  frequency 
the  waveguide,  and  t and  h are  shown  in  Fig.  2-1.  The  waveguide  of 
region  a is  operated  well  above  cutoff,  so  that  very  little  attenu- 
ation occurs.  However,  for  a narrow  (i.e.,  h <<  X)  slot  at  resonance, 
t % X/2  ■ -i  that  resonance  occurs  at  approximately  the  cutoff  frequency 

of  waveg-.. ide  b (i.e.,  the  slot),  and  f v fc.  Note  that  for  f = fc, 

Eq.  (2-26)  predicts  «-*■“.  Obviously  this  simple  perturbational  approach 
to  finite  conductivity  of  the  waveguide  is  not  valid  near  cutoff. 
However,  it  serves  to  indicate  that  the  finite  conductivity  of  the 
slot  will  have  a definite  effect  on  the  transmission  properties  of  a 
thick  slot. 


In  order  to  account  for  the  effects  of  finite  conductivity  of 
the  slot  walls  near  cutoff  one  must  consider  the  mode  coupling  due  to 
the  surface  currents.  Collin  [42]  gives  equations  which  contain  the 
propagation  constant  y as  a function  of  the  TE  and  TM  mode  coupling 
due  to  finite  conductivity.  For  TEro  modes  the  equations  can  be 
solved  for  y . Substituting  the  correct  values  for  the  mode  numbers 
we  obtain 


(Y  2 - r .2) juu  th 
(2-27)  —i 
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Sol vi ng  for  y • , 

vJ 


(2-28) 
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y . = — = — L r rt  • — *-  + — k-  ] + r . 


where  x = free  space  wavelength  and  Zm  is  the  wave  impedance  of  the 
metal  panel  containing  the  slot  and  is  given  by 


(2-29) 


= (— ) 
'2a 


(W) 


where  a is  the  conductivity  of  the  metal, 
conductivity  Eq.  (2-28)  reduces  to  yj^  = 

Eq . (2-28)  to  obtain  y , the  scattering  coe 


Note  that  for  infinite 
- as  expected.  Using 
fficient  becomes 


-y,£ 

(2-30)  S,,  = + e J 


The  modes  for  waveguide  b as  given  in  Eqs . (2-4)-(2-6)  are  no  longer 
correct,  since  they  were  derived  for  perfectly  conducting  walls.  One 
can  approximate  the  modes  in  the  lossy  waveguide  by  assuming  that  the 
shape  of  the  waveguide  modes,  i.e.,  their  sine-cosine  dependence, 
remains  unchanged  but  the  wave  admittance  or  ratio  of  Hy  to  Ex  is 
changed.  Using  this  approximation  we  have 


(2-31) 


;i|  sr  E<r>2  - 


The  calculations  of  reflection  and  transmission  coefficients 
for  lossy  slots  were  made  using  the  previously  described  modal 
analysis  method  except  that  Eqs.  (2-30)  and  (2-31)  were  substituted 
for  Eqs.  (2-9)  and  (2-6)  respectively.  In  order  to  evaluate  the 
modal  analysis  method  as  modified  to  include  losses  a 4.1  inch  long 
slot  with  t= 1 .687  inch,  h=.0625  inch  was  machined  from  brass  and 
measured.  Some  of  the  measured  and  calculated  values  of  Zeq  for  this 
slot  are  plotted  in  Fig.  2-10.  The  improvement  gained  by  modifying 
the  modal  analysis  method  to  account  for  the  finite  conductivity 
losses  are  shown  by  plotting  calculated  values  for  both  the  lossless 
and  lossy  cases.  For  these  calculations  the  D.C.  conductivity  of 
brass  (o  = 1 .43  x 107  mho/meter)  was  used.  Although  the  agreement 
between  the  measured  and  calculated  values  of  Zeq  is  not  as  good  as 
for  the  thinner  slots,  it  is  still  quite  good 


sun 


As  a further  check  on  the  finite  conductivity  calculations  the 
transmission  loss  of  the  4.1  inch  long  slot  was  measured  at  resonance 
and  found  to  be  2.94  dB.  Using  the  above  value  of  conductivity  the 
calculated  loss  was  1.49  dB.  One  possible  source  for  this  error  is 
the  surface  roughness  inside  the  slot  caused  by  the  machining  process 
used  in  its  manufacture.  Marcuvi  tz  [43]  gives  a value  of  effective 
conductivity  for  a machined  brass  surface  as  1.17  x 10?  mho/meter. 

Using  this  value  the  transmission  loss  at  resonance  was  calculated  as 
1.67  dB.  (This  value  of  a provided  very  little  change  in  the  positions 
of  the  calculated  points  in  Figs.  2-11  and  2-12.)  This  slight  im- 
provement indicates  that  the  surface  roughness  is  not  the  major  source 
of  error. 

Another  possible  source  of  heat  loss  is  the  slot  end  walls  (the 
hatched  area  in  Fig.  2-1).  We  believe  that  this  loss  could  be  calcu- 
lated using  perturbation  techniques,  since  the  fields  at  the  wall 
surface  can  be  calculated  with  modal  analysis.  However,  we  have  not 
attempted  these  calculations. 

The  4.1"  long  slot  also  illustrates  another  phenomenon  of  thick 
arrays,  namely  a second  resonance  which  is  a phenomenon  of  the 
thickness  i rather  than  transverse  (i.e.,  t and  h)  dimensions.  Figure 
2-11  shows  the  Smith  Chart  plot  of  Zeq  for  the  second,  or  longitudinal 
resonance.  The  heat  losses  are  somewhat  lower  than  for  the  first 
resonance  since  the  slot  is  not  so  near  cutoff.  The  second  resonance 
is  also  shown,  perhaps  more  clearly,  in  Fig.  2-12. 

Now  that  we  can  calculate  the  attenuation  at  resonance  for  a 
slot  composed  of  some  particular  metal  with  a given  conductivity, 
the  natural  question  arrises:  How  does  this  loss  depend  on  the 

conductivity  and  frequency?  To  answer  the  first  question  let  us 
assume  that  a wave  is  entering  one  end  of  a slot  with  attenuation  c» g 
nepers/meter  and  consequently  the  amplitude  at  the  output  is  given  by 


12. --Cal culated  values  of  the  transmission  coefficient  for  lossy 
aluminum  slots  of  various  thicknesses  vs.  frequency. 


where  we  have  assumed  the  field  at  beginning  of  the  slot  is  unchanged, 
which  is  a fairly  good  approximation.  We  further  know  from  the  per- 
turbational  method  that 


(2-34) 


is  a good  approximation,  with  C a constant  for  constant  frequency. 
Application  of  Eqs . (2-34)  above  readily  yields 


a 2 £ = 
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or 


(2-35) 


Most  of  the  calculations  and  measurements  of  loss  in  the  present 
Chapter  have  been  performed  in  the  S-band  frequency  range  for  practical 
reasons.  However,  periodic  arrays  of  slots  find  important  appli- 
cations at  higher  as  well  as  lower  frequencies  and  it  is  therefore 
pertinent  to  establish  a law  which  yields  the  transmission  loss  when 
a slot  array  is  scaled  to  operate  at  a different  frequency.  Let  us 
again  assume  that  the  attenuation  through  the  slots  at  frequency  f] 
is  gi ven  by 


(2-32)  E]  = Eq  e 
where 


i - thickness  of  slot  (plate  thickness) 
and  from  Eqs.  (2-26)  and  (2-29) 
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(2-36) 


If  we  further  assume  that  all  dimensions  of  the  slot  array 
except  the  thickness  a are  scaled  with  a certain  factor  N defined 
by 


(2-37) 


9 


we  know  that  all  frequency  ratios  are  unchanged  such  that  the 

■ c 

new  attenuation  constant  0-2  by  appliration  of  Eq.  (2-36)  given  by 


( 2-39) 


a-j 


3/2 


In  words,  Eq . (2-39)  says  that  if  a slot  array  at  frequency  f]  is 
scaled  to  a new  frequency  f2  such  that  all  dimensions  except  the 

f? 

thickness  are  divided  by  N = ^y,  the  new  loss  in  dB  is  equal  to  the 

old  loss  multiplied  by  N^/2,  if,  however,  the  thickness  & is  also 
reduced  with  the  factor  N,  we  see  from  Eq.  (2-39)  that  the  loss  is 
now  only  proportional  to  lv/2# 


We  will  now  present  some  calculated  data  concerning  transmission 
properties  of  rectangular  slots  of  various  sizes  and  thicknesses  with 
finite  conductivity.  Figure  2-12  shows  the  transmission  coefficients 
for  smooth,  aluminum  slots  of  varying  thicknesses  and  dimensions  of 
t=1.68",  h-.0625".  If  is  evident  that  the  bandwidth  decreases  as  the 
slot  becomes  thicker.  Also  evident  is  the  longitudinal  resonance  for 
the  4"  thick  slot  which  was  discussed  earlier.  For  the  thin  slots 
the  losses  are  too  small  to  be  seen  in  Fig.  2-12,  so  they  are  tabu- 
lated in  Table  1 for  both  aluminum  and  brass.  Note  that  the  loss  at 
resonance  is  approximately  proportional  to  the  thickness  i of  the 
slot,  which  agrees  with  Eq . (2-35)  and  Eq.  (2-39). 
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CALCULATED  LOSSES 
1 .68  x 0.0625  x l SL 


a inches 

|T|  dB 

.0625 

-.017 

A1  umi num 
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| 
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a = 1 .43  x 107 
mho/meter 
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It  is  evident  from  Table  1 that  the  loss  at  resonance  is  dependent 
on  the  conductivity  of  the  metal  composing  the  slot.  The  dependence 
is  illustrated  in  the  curve  of  Fig.  2-13  which  shows  an  actual  com- 
puted example  (mode  theory)  of  the  transmission  loss.  Also  shown  in 
Fig.  2-13  is  a curve  derived  from  Eq.  (2-35)  (in'c\:.<  ely  long  guide 
solution).  As  a reference  point  we  have  chose-  . ai  = 0.2  dB  and 
a-!  = 1.43  x 107  mho/meter  (corresponding  <n  brass).  As  can  be  seen 
the  approximate  formula  as  given  by  Eq.  (2-j5)  agrees  very  well  with 
the  modal  solution  loss  for  values  of  conductivity  o within  practical 
limits.  A computed  example  (using  modal  analysis)  of  the  dependence 
of  loss  on  frequency  is  shown  in  Fig.  2-14  for  a .25"  thick  aluminum 
slot.  Also  shown  is  a curve  calculated  using  Eq.  (2-39)  normalized  at 
N=4  with  c*i £ = 0.18  dB.  As  can  be  seen  the  agreement  between  the  two 
approaches  is  very  good  over  the  entire  range. 

As  shown  in  Eq.  (2-38)  the  loss  is  inversely  proportional  to  the 
width  h of  the  slot,  so  that  the  loss  at  resonance  may  be  decreased 
by  widening  the  slot.  Resonance  curves  for  somewhat  wider  slots  are 
shown  in  Figs.  2-15  and  2-16.  Note  that  widening  the  slots  does 
not  greatly  affect  the  resonant  frequency  but  does  result  in  a 
wider  bandwidth.  If  the  slots  are  made  even  wider  the  resonant 
properties  of  the  slots  may  change  drastically,  as  shown  in  Figs. 

2-17  and  2-18.  The  data  in  these  figures  was  calculated  using 

the  modal  analysis  method,  but  with  fewer  modes  in  the  waveguide  since 

the  discontinuity  is  not  as  abrupt. 
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Figure  2-1 


3. --Calculated  loss  at  n 
conductivity  for  a 0 
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Figure  2-14. --Calculated  loss  at  resonance  vs.  resonance  ' 

frequency  for  a 0.25"  thick  slot  in  a : - 

waveguide.  : : 4 
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Figure  2-15.— 


Calculated  values  of  the  transmission  coefficient  vs. 
frequency  for  0.125"  wide  rectangular  slots  of  various 
thicknesses  in  a waveguide. 
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Figure  2-17. --Calculated  values  of  the  transmission  coefficient  vs.  frequency  for 
0.2"  wide  rectangular  slots  of  various  thicknesses  in  a waveguide. 
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The  previously  noted  longitudinal  resonances  are  shown  clearly 
in  Fig.  2-17.  Also  shown  are  approximate  results  for  the  4.0"  thick 
slot,  obtained  by  using  transmission  line  theory  without  including  the 
effects  of  the  higher  order  modes  excited  a the  waveguide-slot  inter- 
faces. Since  this  approximation  agrees  qualitatively  with  the  modal 
analysis  result  we  may  conclude  that  the  second  and  third  resonances 
shown  here  are  indeed  dependent  on  longitudinal  rather  than  transverse 
di mensi ons . 

In  Fig.  2-18  the  resonant  nature  of  the  slot  is  almost  completely 
gone.  The  slot  in  Fig.  2-18,  if  loaded  with  dielectric  to  lower  its 
cutoff  frequency,  would  correspond  to  a waveguide  pressure  window.  It 
is  evident  from  Figs.  2-17  and  2-18  that  when  widening  the  resonant 
slots  in  order  to  reduce  losses  one  must  not  widen  them  so  much  that 
the  resonant  properties  of  the  slot  are  destroyed. 

C.  The  fffect  of  Plate  Thickness 
oTT tiabi ne!7s  Principle 

As  the  panel  is  made  thinner  and  thinner  one  expects  to  approac- 
more  and  more  closely  the  limiting  case  of  an  infinitesimally  thin 
panel,  where  Babinet's  principle  applies  exactly.  That  this  is  the 
case  is  illustrated  in  Fig,  2-19,  where  we  have  again  plotted  the 


Fi  qir'n  2- 19. --Cal  culn  I/  v-.  me:,  of  the  transmission  coefficient  vs.  fre- 
quency thin  rectangular  sluts  in  a waveguide. 
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transmission  coefficient  for  a narrow  rectangular  slot  in  a waveguide 
as  a function  of  thickness.  It  is  evident  that  as  the  slot  panel  is 
made  thinner  a limiting  case  is  being  approached.  This  is  further 
illustrated  by  combining  the  data  of  Figs.  2-12  and  2-19  in  order  to 
plot  the  curve  of  bandwidth  vs  thickness  shown  in  Fig.  2-20.  To 
generalize  even  further,  the  curve  in  Fig.  2-20  is  replotted  in  terms 
of  per  cent  bandwidth,  with  the  panel  thickness  normalized  to  wave- 
lengths (at  resonance).  From  Fig.  2-21  it  is  clear  that  for  a resonant 
slot  the  greatest  effects  of  thickness  are  in  the  range  from  .00U  to 
2. Ox.  For  greater  thicknesses  one  is  approaching  the  infinitely  thick 
case,  while  for  lesser  thicknesses  one  is  approaching  the  infinitesi- 
mally thin  case.  Thus,  in  order  to  apply  Babinet's  principle  to 
obtain  bandwidth  figures  accurate  to  within  a few  per  cent  the  panel 
thickness  should  be  less  than  .001 X . 


D.  Conclusi ons 

By  generalizing  the  preceding  data  on  arrays  of  narrow,  resonant 
rectangular  slots  to  the  periodic  array  geometry  one  can  draw  the 
following  conclusions: 

(1)  As  the  array  is  made  thicker,  the  bandwidth  will  decrease. 

(2)  If  the  array  is  made  very  thick,  longitudinal  resonances 
will  appear,  and  will  be  closer  to  the  first  (lowest 
frequency)  resonance. 

(3)  No  matter  how  thick  the  array  is  made,  there  can  be  complete 
transmission  at  resonance  for  a perfectly  conducting  panel. 

(4)  The  Joule  heating  losses  due  to  the  finite  conductivity  of 
the  slot  wall  for  an  array  of  resonant,  rectangular  slots 
as  described  herein  will  be  approximately  1 dB  for  a 4" 
thick  aluminum  slot  at  S-band,  and  will  decrease  to  less 
than  .02  dB  for  a 1/16"  thick  aluminum  slot.  At  X-band 

a .25"  thick  slot  will  have  approximately  .3  dB  loss.  Loss 
is  proportional  to  thickness,  to  the  square  root  of  the 
conductivity,  and  to  the  3/2  power  of  the  frequency  scale 
ratio  for  constant  panel  thickness. 

(5)  Attempting  to  decrease  the  losses  by  widening  the  slo^-s 
will  degrade  and  finally  destroy  the  resonant  properties 
of  the  slot  array  if  tire  slots  are  too  wide. 

(6)  In  order  to  use  Babinet's  principle  to  calculate  the  band- 
width to  within  a f ev/  per  cent,  the  slot  array  must  be 

tii inner  chan  ,001  X. 


THICKNESS  (WAVELENGTHS) 


Figure  2-21 . --Cal cu'l ated  values  of  the  3 dB  bandwidth 
in  % vs.  thickness  in  wavelengths  for  a 
rectangular  slot  in  a waveguide. 


Other  thickness  effects  which  involve  changing  incidence  angles  and 
dielectric  layers  will  be  considered  in  Chapter  IV.  However,  these 
basic  conclusions  reached  here  for  a slot  in  a waveguide  are  appli- 
cable to  slots  in  a periodic  array,  and  are  important  in  the 
understanding  of  the  effects  of  finite  thickness  on  resonant  periodic 
slot  arrays. 


4 * * ~ ~~  ***  jrrx-xsrfc1-  -*</»  ) «■■■  ' WT?' 


CHAPTER  III 
MODAL  EXPANSIONS 


In  this  chapter  we  wi’l  present  the  orthogonal  mode  sets  used 
to  describe  the  fields  resulting  from  a plans  wave  incident  on  a 
periodic  slot  array.  One  mode  set,  the  Roquet,  is  used  to  describe 
the  fields  exterior  to  the  slot  array.  This  mode  set  will  be  modified 
to  include  the  effects  of  planar  dielectric  layers  adjacent  to  the 
array.  The  fields  witrin  the  slots  will  also  be  expanded  in  orthogonal 
modes.  Rectangular,  single  loaded,  4-legged  symmetric , and  3-leaged 
symmetric  slots  will  be  considered.  For  the  rectangular  slot 
rectangular  waveguide  modes  will  be  used.  This  same  mode  set  was  also 
used  for  the  rectangular  waveguide  problem  of  Chapter  II,  For  the 
other  slot  shapes  approximate  mode  sets  will  be  derived  from  either 
the  rectangular  or  coaxial  waveguide  modes. 

A.  Roquet  Modes 

In  the  exterior  region  we  will  use  the  Floquet  mode  set  developed 
for  the  analysis  of  phased  array  antennas  [28],  The  geometry  and 
coordinate  system  is  shown  in  Fig.  3-1.  The  direction  of  the  incident 
plane  wave  is  indicated  by  the  conventional  spherical  coordinates 
e and  <ji , where  9 is  the  angle  from  the  z-axis  to  the  propagation  axis 
of  the  incident  plane  wave,  and  <j>  is  the  angle  from  the  x-axis  to  the 
projection  of  the  propagation  axis  on  the  x-v  plane. 

1.  With  no  dielectric  layer 

A more  general  arrangement  of  the  slots  is  shown  in  Fig.  3-2. 

Here  the  slots  ere  arranged  in  a periodic  grid  along  the  5,  and  S2 
skewed  coordinates.  Thus  we  are  not  limited  to  a rectangular  grid. 

The  spacing  between  the  slots  is  dx  and  e measured  along  the  Si  and 
$2  axes  respectively.  Tie  central  periodic  cell  is  shown  in  Fig. 

3-2,  Other  identical  periodic  cells  are  centered  on  each  slot  in 
the  array.  If  the  array  is  large  enough  so  that  Floquet' s theorem 
applies,  then  the  electric  and  magnetic  fields  at  any  point  in  one 
of  the  periodic  cells  will  differ  from  that  at  the  corresponding 
point  in  another  of  the  periodic  cells  only  by  a difference  of  phase. 
Furthermore,  this  difference  of  phase  will  depend  only  on  the 
propagation  vector  direction  of  the  incident  plane  wave.  If  we 
denote  the  vector  propagation  constant  of  the  incident  plane  wave  as 
Kq,  then  a complete  set  of  solutions  to  the  scalar  wave  equation 
which  satisfies  the  Floquet  conditions  is  [28] 
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Figure  3-2. --Details  of  array  geometry  showing  skewed 
coordinate  system  and  periodic  cell. 


(3-1)  S = exp[-/(K0*S1+  jl£-)S1]exp[-y(K/j-D2+  ^p-)S2] 


where 


exp [±y  Tpq  z] 

p and  q = - °v  • • ,-l  ,0,1  ,•  • • ,+« , and  /^'-l. 


The  projection  of  Kq  on  the  S]  axis  js  K0 * S] ; similarly  for  the  S2 
axis.  Note  that  if  in  Eg.  (3-1)  Kg-SpO,  and  S]  is  changed^by  +mdx 
(m  an  integer),  then  the  value  of  S™  is  unchanged.  If  K0 - S-j  is  not 
equal  to  zero  and  Si  is  changed  by  imdx,  then  the  phase  of  Spq  is 
changed  in  accordance  with  the  Floquet  conditions. 

Since  measuring  distances  along  the  skewed  axis  S2  is  incon- 
venient, we  now  proceed  to  obtain  Spq  as  a function  of  x and  y. 

From  Fig.  3-3,  the  transformation  between  the  skewed  coordinates 
(Si  ,S£ ) and  the  orthogonal  coordinates  (x,y)  of  any  given  po^nt  p is 
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ioure  3-3. --Relationship  between  skewed  coordinate  system  (St ,S2 ) 
and  orthogonal  (x,v)  coordinate  system. 


(3-2) 

S-|  = x-y  cota 

(3-3)  S?  = y/sinct 

(3-4) 

S-j  = x 

(3-5)  S2  = x cosa  + y sina  . 

Substituting  Eqs.  (3-2)  through  v3-5)  into  Eq.  (3-1)  we  obtain 
after  minor  simplification, 

(3-6 ) S = exp[-i(Ko«x+  2jLE)x].exp[-y(Ko-y+ 

^ X X 

exp(ij  y pq  z). 


If  we  now  define 


(3-7)  U = KQ  sine  cos<|>  h 


** 


(3'8)  Vpq  = Ko  sine  sin*  + r1" 

y x 


where  Kq  = u/u0f0,  and  where  = e si  net, 


Eq.  (3-6)  may  be  written  in  the  form 


(3-9)  S = exp[-/(U  x + V y + y z)] 
v pq  KL  J v p pqJ  pq  ' J 


where  Up  and  Vpq  are  the  propagation  constants  in  the  x and  y 
directions  respectively.  Since  Spq  must  satisfy  the  scalar  wave 
equati on , 


(3-10)  (y  )2  + (U  )2  + (V  )2  = (K  )2 
' pq  p pq  o' 


so  that 


(3-11) 


pq 


(K  )2-(U  )2-(V  J2 
o p Dq 


+ i(U  )2+(V  12-(K  ) 

Jr  p'  pq'  o' 


where  the  positive  radical  is  chosen. 


It  is  now  a simple  matter  to  construct  a complete  Floquet  mode 
set  as  a combination  of  TEZ  and  TMZ  modes.  The  electric  and  magnetic 
fields  expressed  in  terms  of  these  modes  are 


(3-12) 


e<P 

ai 


(V  x - U y)  )i 

t /<rr  pq  p pq 

pq  X y 


TF 


(3-13) 


e<2> 

ai 


T >d  d 
pq  x y 


(U  x + V y)  v 

p pqJ  pq 


TM 


(3-14) 


f = — m (u  X + V y)  v 

dl  T -(1)/d^f  p pq  pq 
pq  'pq  x y 


TE 
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(3-15) 

R-(2) 

i 

(-V  * V>  *pq 

TM 

ai 

T n »'d  d 
pq  pq  X y 

where  the 

modal 

impedance  nr 
pq 

is  given  by 

(3-16) 

rd" 

pq 

k nr 

_o_  _o 

Y ' £ 

pq  o 

TE 

(3-17) 

n<2> 

pq 

= ^ 

K 1 

0 

1 1 

2o 

e 

0 

TM 

wi  th 

( 3-18) 

'"pq  “ 

exp(-/(lipX  + 

V y t y Z ) ) 

pq-*  pq 

(3-19) 

T2  = 

pq 

U2  4 v2 
p pq 

The  superscript  (1 ) or 

(2)  denotes  a TE  or  TM  mode, 

the  subscript  "a 

denotes  that  this  mode  expansion  is  for  the  region  external  to  the 
slots,  and  the  subscript  i denotes  the  mode  number.  The  mode  i=1 
corresponds  to  p=q=0,  with  other  i values  designed  to  other  combin- 
ations of  p and  q values. 

The  i=l  modes  are  plane  waves.  In  combination  they  can  represent 
an  incident,  reflected,  or  transmitted  plane  wave  from  an  arbitrary 
direction  and  with  arbitrary  polarization.  The  modal  impedance  n£0  and 
the  Z direction  propagation  constant  yoo  are  positive  real  numbers 
since  these  modes  are  always  propagating  modes.  The  modes  for  i>l 
represent  either  evanescent  modes  or  propagating  grating  lobes, 
depending  upon  whether  Ypq  is  imaginary  or  real,  respectively. 

For  most  applications  the  presence  of  propagating  grating  lobes 
is  undesirable.  By  utilizing  the  above  property  of  Ypq  a grating  lobe 
diagram  can  be  constructed  which  quickly  shows  whether  or  not  propa- 
gating grating  lobes  can  exist,  and  if  so,  for  what  scan  angles  [28]. 
Referring  to  Eq . (3-11)  it  is  evident  that  when  Ypq  changes  from  an 
imaginary  to  a real  number  it  pusses  through  zero.  Setting  Vpq=0  in 
Eq.  (3-11)  and  substituting  for  Up  and  Vpq  from  Eqs . (3-7)  and  (3-8) 
we  obtain 

■ (3-20)  0 - (y-)2  - (2't  f - (— T 4 

' A 1 \ x a ' Ay  a d tana' 

V J M V 
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| 


i_-  H 

til 


where  Tx  and  Ty  are  the  direction  cosines  defined  as  Tx  = sinecos4>, 

Ty  = sin6sin4>.  Simple  manipulation  of  Eq.  (3-20)  results  in  the 
equation 

2 2 

(3-21)  1 = (t  + Ri)  + (T  + . . Px  ,.)  , 

x V y y dxtanot 

Equation  (3-21)  is  a family  of  circles  with  unit  radius  whose  centers 
depend  on  p,  q,  and  the  array  geometry. 


For  an  example  of  the  usefulness  of  Eq.  (3-21)  let  us  determine 
whether  any  propagating  grating  lobes  can  exist  for  the  array  of 
Fig.  3-2  when  dx=A.  For  the  array  of  Fig.  3-2  we  then  have  dy-A/3, 
tana=2/3,  and  dxtana=2A/3.  Substituting  these  values  into  Eq.  (3-21) 
we  obtain  the  grating  lobe  diagram  of  Fig.  3-4.  For  real  space 
incidence  angles  Tx  and  Ty  will  be  less  than  1.  Thus  any  circle  which 
intersects  the  central  circle  indicates  a possible  propagating  grating 
lobe.  Four  such  possibilities  are  indicated  in  Fig.  3-4.  For  values 
of  Tx  and  Ty  which  lie  in  one  of  the  shaded  areas  the  indicated  FToquet 
mode  will  have  a real  value  of  ypq.  Additionally,  the  p=2,  q=l  and 
p=-2,  q=-l  circles  are  just  touching  the  center  circle.  Thus  for 
these  modes  Ypq=0,  and  these  modes  are  just  on  the  verge  of  becoming 
propagating  grating  lobes. 


Let  us  now  investigate  the  orthogonality  properties  of  the  above 
modes.  Figure  3-5  shows  a detailed  drawing  of  the  unit  periodic  cell 
of  Fig.  3-2,  here  labeled  A6CD.  Also  shown  is  a deformed  cell,  GHIJ, 
with  the  same  height  as  the  original  cell  but  with  acute  angle  8.  We 
shall  now  proceed  to  show  that 


(3-22)  f e[.  x fr  • • z ds  = 0 

j a 1 aj 

GHIJ 


and/or 

r/s 


We  shall  first  investigate  the  case  where  i/j.  Referring  to 
Eqs,  (3-12)  to  (3-15)  we  have: 


(3-23)  | 5T  x Sjj*  • i ds  • 

GHIJ 


'JL  -JL  + _Ji_ 

2 2 tans 

I A «p(-y  Upx-/Vpqy)  exp(/  l^x+jV^y  )dxdy 

A + _y_ 

2 2 tans 


7- 
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Figure  3-5. --The  unit  periodic  cell  ABCD  of  Fig,  3-2  can  be 
deformed  to  the  shape  GHIJ  without  affecting 
the  orthogonality  of  the  Floquet  modes. 


where  A denotes  constant  terms.  Substituting  from  Eqs . (3-7)  and 
(3-8)  into  Eq.  (3-23)  and  simplifying  we  obtain 


(3-24)  ef1".  x FT5 . • z ds  = 

J a1  aj 

GHIJ 


A 


exp l - ;2ry(3^1  _ 
y 


p-m 
a tana 


)] 


_-X- 

exp[-  /2Ttx(£^p)  Jdxdy . 


tan3 


Performing  the  x integration  in  Eq.  (3-24),  we  have 
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U-?5) 


'T  + life 

exp[-_/2n  x(2— ) ]dx  = 
-d  ax 

- x + y 

2 tang 


d 

+ 7r7(p--m) 


2-ny  (u-m) 

d tang 
x 


2/si  n(ir  (p-m) ) 


hus  if  p^m,  Eq.  (3-22)  is  true.  Now,  if  i=j,  then  p^-m  and  q=n. 
However,  i^j  does  not  necessarily  mean  p^m;  but  if  p=mwith  i^j  then 
q^n.  We  therefore  substitute  the  results  for  p=m  from  Eq . (3-25) 
into  Eq . (3-23)  to  obtain 


(3-26) 


* - — C * ~ I 

! eai  * haj  ' z ds| 

gh'ij  Ip"1" 


d 

.JL 

\2 


A d i exp(-/2iry  9~)dy 

^ y 


dv 

- A • — 7 — — r sin (tt  (q-n ) ) 
n(q-n) 

= o,  q^n  . 


Thus  Eq . (3-22)  is  shewn  to  be  true  for  i/j.  We  now  proceed  to 
examine  the  case  where  i=j,  but  r^s . From  Eqs . (3-12)  through  (3-15) 
and  (3-22)  we  have 


-27) 


ai 


x h 


ai 


2 ds 


GHIJ 


GHIJ 


pq 


y v 

_ p.ja 


pq 


u v 
U 

T*1 


pq  J 


v v ds=0,  rj's. 

pq  pq 


Thus  Eq.  (3-22)  is  shown  to  be  true.  Note  that  this  proof  of  Eq. 
(3-22)  did  not  depend  on  the  value  of  S>  in  Fig.  3-5.  This  is  im- 
portant for  two  reasons.  First,  for  large  slots  in  a non-rectangular 
lattice  (aj»90°)  it  is  possible  that  the  slots  may  not  be  contained 
within  the  original  periodic  cells.  This  is  illustrated  in  Fig.  3-6. 


even  if  the  slots  are  contained  within  the  original  periodic  cells, 
the  evaluation  of  the  mode  matching  integrals  is  simplified  if  the 
matching  cells  are  rectangular. 


We  thus  have  a complete,  orthogonal  set  of  Floquet  modes  valid 
in  the  region  exterior  to  the  slot  array.  We  now  proceed  to  modify 
these  modes  so  as  to  include  the  effect  of  a dielectric  layer. 


2.  effects  of  a Ui electric  Layer 
on  the  Floquet  Modes 


In  the  previous  section  we  obtained  the  Floquet  mode  set  valid 
for  the  region  external  to  the  slotted  panel.  In  this  section  we 
shall  see  how  these  modes  may  easily  be  modified  so  as  to  include 
the  effects  of  dielectric  layers  situated  next  to  the  metal  panel  as 
shown  in  Fig.  3-7.  The  most  general  case  of  two  different  layers  will 
be  considered,  even  though  for  some  of  the  solutions  derived  in  later 
chapters  the  two  layers  must  be  identical.  A plane  wave  is  incident 
on  the  panel,  and  through  interaction  with  the  slotted  surface  a 
reflected  plane  wave,  a transmitted  plane  wave,  evanescent  waves,  and 
possibly  grating  lobes  are  excited,  as  indicated  in  the  figure.  Of 
course,  fields  will  be  excited  in  the  slots  as  well.  These  will  be 
dealt  with  in  the  next  sections.  We  now  merely  wish  to  obtain  a 
Floquet  mode  set  valid  in  the  dielectric  layer. 


Consider  the  incident  and  reflected  plane  waves.  These  plane 
waves  are  a combi  nation  of  the  TE  and  TM  modes  of  Eqs . (3-12) 
through  (3-15)  where  i-l(p=q=0).  While  these  modes  differ  in  polari- 
zation and  modal  impedance  they  have  the  same  spatial  dependence. 

Thus  we  can  express  each  tangential  component  of  the  incident  arid 
reflected  plane  wave  in  the  free  space  region  in  the  following  form 
(e+ j ^ understood): 


(3-28)  eT  - Ar  fr(U  ,V  ,T  )exp(-fU  x)exp(-<V  y) 

' 111  -T'7~  ' 0 00*  00  1 - 0 ~ 00 

> d a 
X y 


exp(+jvooz) 


(3-29)  Hr. 


r A1 


i n r -m— 
n d 

oo  x y 


.f,r,)eXP(’iU  X ) e XP  ( - /V  V 
3 ' o oo’  oo  1 o J 00- 


eXP(+./Y002) 


I 


: 


modes  which  may  exist  o.'  the  panel  are  illustrated  schemati cally . 


(3-30) 


1 


= Rr  fr(Urt,V_fTnn)eKp(-yUnx)exp(-/Vooy) 


v'd  d 
x y 


0 00  00 


exp(-iv00z) 


(3-31) 


r 

r» 

'oo 


==9f(>-'o.''0o.TOo)e’<P(-iUox)e,<p(--(''V) 

dxdy 

exp(-yT00z) 


where  the  modes  are  as  defined  in  Eqs.  (3-7)  through  (3-19),  The 
functions  fr  and  gr  depend  on  the  polarization  and  on  the  value  of  r 
(r=l  for  TE  and  2 for  TM)  but  not  on  the  spatial  coordinates  and  will 
cancel  in  the  final  result.  The  known  modal  coefficients  of  the 
incident  wave  are  denoted  by  Ar,  and  the  unknown  coefficients  for  the 
reflected  modes  are  the  Rr.  Since  the  TE  and  TM  modes  are  orthogonal 
the  Ar  and  Rr,  r=l,2,  can  be  considered  separately. 

Now  referring  to  Fig.  3-8,  we  can  express  the  incident  and 
reflected  plane  waves  in  the  dielectric  region  as: 


(3-32) 


- rd  _ 

:in 


/d  d 

x y 


frWd.vd0.Td0)exp(-yudx!exp(-ivd 


00 


y) 


exp(+yy’i1 }z) 


oo 


(3-33)  H- 


,rd  . °1 


oo 


“ = gr(U^Voo*Too)exp(“^Jox)exp('-fVo0y) 


in  r HT  ’j"  y o’  oo ’ oo 


x y 


exp(+/y’J1  ^z) 


(3-34)  = pr  fr(U^V^0,Tj0)exp(-^x)exp(-yu°y) 

/d  d 

exp(-/y^1}z) 
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Figure  3-8. --Incident,  reflected,  and  transmitted  waves  in  ! 

the  free  space  and  dielectric  regions.  i 
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(1) 


00 


Z) 


where  the  superscript  "d"  denotes  that  these  quantities  describe 

conditions  in  the  dielectric  region.  The  parameters  and 

are  evaluated  in  the  same  manner  as  the  free  space  parameters  nr  and 

r oo 

Y00  except  that  e-|  and  u]  are  substituted  for  eQ  and  u0  in  Eqs  . (3-11), 
(3-16),  and  (3-17)  with  K] =w> e]  replacing  K0, 


We  wish  to  express  our  incident  and  reflected  plane  waves  in 
terms  of  the  free  space  modes  of  Eqs.  (3-28)  through  (3-31).  However, 
the  mode  matching  integrations  will  be  evaluated  at  z=0,  and  thus 
these  calculations  will  be  performed  on  the  dielectric  modes  of  Eqs. 
(3-32)  through  (3-35).  By  enforcing  boundary  conditions  at  the 
dielectric  interface  z=+t] , we  will  establish  relationships  which  will 
enable  us  to  evaluate  Rr  and  a[  in  terms  of  Ar  and  cr. 

Continuity  of  tangential  E and  H at  the  dielectric  interface 
requires  that  for  z=t1 


(3-36) 


Er  + Er  = Erd  + Erd 
in  re  in  re 


(3-37) 


Hr  + Hr  = Hrd  + Hrd 
in  re  in  re 


z--t. 


The  first  consequence  of  Eqs.  (3-36)  and  (3-37)  is  that  the 
phases  of  Eqs.  (3-28)  to  (3-35)  match  at  z=t^  for  all  values  of  x or 
y,  which  requires  that 

(3-38)  Ud  - U 

oo 

(3-39)  Vd  = V 

and  from  Eq . (3-19), 

(3-40)  Td  = T 

' 00  00 
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Use  is  made  of  Eqs.  ( 3- 38 ) to  (3-40)  in  the  evaluation  of  y^^  in 

Eq.  (3-11).  While  K is  now  replaced  bv  K.  ~un iT, e,  , U and  V are 

0 ”1  i i o oo 

not  changed  from  their  free  space  values  (Snell's  Law)  when 


determining  y 


(1 


oo 


We  now  substitute  from  Eqs.  ( 3- 2R ) - ( 3-35 ) into  Eqs.  (3-36), 
(3-37),  apply  Eqs.  (3-38),  (3-40),  and  cancel  common  factors,  ob- 
lai  ni nq : 

(3-41)  Ar  exp(j\oot  )+Rrexp(-nooti  )=a[exp(  jy'J]  ) 

+ /exp(-yy^1)t1) 
r 

(3-42)  exp(yv00t, )-  -p^ryexp (+yY;< 1 1 1, ) 


00 


00 


00 

r 


mexp("-/Yoi1)ti) 


,r\ 

'oo 


Solving  Eqs.  (3-41)  and  (3-43)  for  a^  and  Rr  we  obtain 


(3-43) 


/(l) 

oo 


a,  = 2Ar  — ^ exp(-/(Y*(1)-Y  )t,) 

1 r( 1 ) , r K co  oo ' 1 ' 


oo  oo 


r(l ) r 
n.  -n 


r 'oo  'oo  / o . * (1 ) . v 

' -ruj-r  exp(-Ov00  v 


T1  ’ +p 
00  '00 


(3-44) 


...r(l)_„r 


,r  _ , r 'oo  'oo 


rnr+r 

'oo  '00 


- e xp  ( 2 00 1 ) 


^ r 

+ 2pf  — tyt  exp(-y(y  ^ — v It,  ) 
„r  r(  1 ) 1 J v oo  oc  1 

■'oo  :0C 
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Equation  (3-43)  allows  us  to  express  the  incident  mode  amplitude  a^ 
in  the  dielectric  region  in  terms  of  the  free  space  incident  mode 
amplitude  Ar.  Equation  (3-44)  allows  us  to  find  the  free  space 
reflected  mode  amplitude  Rr  once  the  reflected  mode  amplitude  in  the 
dielectric  region  pr  is  computed.  Thus  the  solutions  presented  in 
later  chapters  for  cr  can  proceed  directly  to  a field  match  at  the 
panel  surface,  since  the  dielectric  layer  effects  in  the  incident 
wave  are  included  in  the  above  expressions. 

We  now  consider  the  problem  of  determining  the  effect  of  the 
z- 0 dielectric  layer  on  the  Floquet  mode  with  i>l,  i.e.,  those  which 
represent  either  evanescent  fields  or  propagating  grating  lobes.  This 
problem  is  considerably  simplified  as  compared  to  that  for  the  i=l 
plane  wave  modes  since  there  are  no  incident  modes  in  the  free  space 
region  for  i=l.  In  addition,  we  are  primarily  interested  in  evalu- 
ating the  i=l  modes  at  the  surface  of  the  panel  so  that  we  can  perform 
our  field  matching  operations. 

For  the  region  within  the  dielectric  layer  in  front  of  the  metal 
surface  {z>0)  the  Floquet  modes  are  given  by  Eqs . (3-7)  through  (3-19) 
with  e0  and  u0  replaced  by  q and  q.  Referring  to  Fig.  3-8,  it  is  a 

P ( 1 J 

simple  matter  to  use  transmission  line  theory  to  obtain  , the 

modal  impedance  of  the  i-th  Floquet  mode  evaluated  at  the  front  (z-0  ) 
surface  of  the  panel  : 


(3-45) 


'..'hen  evaluating  the  Floquet  modes  in  the  dielectric  regions  one 
must  keep  in  mind  that  the  incidence  angle  in  the  dielectric  region 
will  not  be  the  same  as  that  in  the  free  space  region  (Snell's  Law). 
One  can  easily  account  for  this  by  using  the  relationships 


(3-46) 

Ud  = U 

P P 

(3-47) 

Vd  = V 

pq  pq 

(3-48) 

Td  = T 

pq  pq 

when  evaluating  the  Floquet  modes  in  the  dielectric  region.  These 
relationships  correspond  to  Eqs.  (3-38)  through  ( 3— 4U ) which  were 
shown  true  for  the  plane  wave  (i=l)  Floquet  Modes. 
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The  vector  function  Tpg  has  been  defined  here,  and  will  be  used  in 
later  sections  to  simplify  certain  integral  equations. 

The  Floquet  modes  for  the  dielectric  region  behind  the  metal 
panel  (z<0),  are  obtained  in  a similar  manner.  For  the  back  side, 
however,  there  is  no  incident  plane  wave  to  be  considered,  and  this 

simplifies  the  problem  somewhat.  Tne  modal  impedance  of  the 

i-th  Floquet  mode  at  the  back  surface  of  the  panel  is  given  by  Eq . 
(3-45)  with  the  superscript  (1)  replaced  by  (2)  and  evaluated  for  the 
dielectric  thickness  t2»  and  parameters  e£  and  u£.  As  indicated  by 
Eq.  (3-49)  the  transverse  components  of  the  electric  field  mode 
function  at  the  surface  of  the  panel  are  not  affected  by  the 
dielectric  layer;  thus 


(3-5D  ^{2)  = rP*  = r. 

ai  ai  ai 


z-0 


Since  there  is  no  incident  wave  for  z<0, 


(3-52) 


1 Tf 

zr(2)  pq 

pq 


for  all  values  of  i.  Using  Eqs.  (3-51)  and  (3-5?)  we  can  express  the 
electric  and  magnetic  fields  at  z=0'.  Flowever,  the  free  space 
transmission  coefficients  Tr  are  desired.  Referring  to  Fig.  3-8  we 
have  for  the  transverse  (to  z)  components  of  the  dominant  mode  (i-1) 
plane  wave: 
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(3_53)  = T"  frfUo»%*Too)exp('JUox)exp(‘-f'Vooy) 

‘ x y 

e*P|4-"oo21z: 


(3-54)  H'’J  = I_~ -r-J—  qr 


tr  = 7T2T  9 (Uo*Voo*Too)exp(^'Uox)exp(-4Vooy) 
r,00  ‘ x y 

expC/v^h) 


(3-55)  Ejj  . ;r  -1=  fr(U0.V00.T00>e*p(-yU0x)exp(-jV  y) 

■Vy 

exp(-.h;<2)z) 


(3-56)  H 


5?  * ' 7RT  -^gr(Uo''oo'Too)cxp(-3V)ex|,(--'Vooy) 


00  x y 


exp(-jY<^2)z) 


(3-57)  Ejr  = Tr  ~~=  fr(U00.V00,l00)exp(-iUox)exp(-yVooy: 

A 

exP(/Y002) 


(3-58)  H[r  = Tr  -pi  -~L=  9^  V>*Voo’Wexp(^V)expWVouV ) 


r,  v d d 

oo  x y 


expf^pZ) 


where  the  various  terms  are  discussed  following  Eq.  (3-35).  Note 
especially  that  the  superscript  (2)  of  y^2)  is  not  an  exponent,  but 
rather  indicates  that  y'0^  is  to  be  evaluated  for  the  e2  and  P2 
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dielectric  region.  Boundary  conditions  require-  that  the  transverse 
components  of  E and  H be  continuous.  Thus,  following  the  procedure 
used  previously  to  obtain  Rr  and  a^,  we  have  at  z=-t2: 

(3-59)  Tr  exp(-/a00t2)  = Tr  exp(-/Y*  J2^)  + 7 exp( dYoo^V 


(3-60)  — exp(-j\00t2)  = exp 

roo  "oo 


■ 00  t 


7(2] 

'oo 


exp 


P(./v‘i2)  t2) 


00 


We  could  now  go  ahead  anc  solve  for  Tr  in  terms  of  xr  and  vr. 
However,  we  realize  that  the  modal  matching  solution  will  not  yield 
the  values  of  Tr  and  ;r  but  instead  gives  the  value  of  total  dominant 
mode  field  at  z=0",  expressed  as 


<3-6,i  e!7,0-  * e7.o-  ■ 


v'd  d 

x y 


f,(Uo*Voo*Too)exP(-3'Uox) 


exP(-jV00y) 
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0 00  00 


exP("j"Jooy)exp(‘-/Vooy)- 


where  it  is  evident  that 
(3-63)  b[  = 7 + 7 . 


Using  Eq.  (3-63)  we  can  proceed  to  solve  Eqs.  (3-59)  and  (3-60) 
for  Tr  in  terms  of  b[  as  follows.  Substituting  b ^ r for  7 in 
Eq.  (3-59)  and  rearranging  terms  we  obtain 


(3-64)  Tr  = b\  expL-/(v^2)- 


oo 


yoo}t2>^ 


si  n(y 
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00 
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Making  the  same  substitution  in  Eq.  (3-60)  we  obtain 


8 7 


(3-65) 


ruT 


blexP(-^oo2)t2) 
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[2cos(Y^2)t2)]. 


Finally!  we  substitute  for  vr  from  Eq.  (3-65)  into  Eq.  (3-64)  to 
obtain 


(3-66)  Tr  = b(exp[-/(v 


00 


,oo^t2^ 


l+/tan(v‘P't, 


'oo 
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'oo 


00 


tan(Yoo2)t2} 


Thus  we  can  solve  for  the  fields  at  the  back  surface  of  t.he  panel 
(z=0~)  with  a dielectric  layer  present  by  expressing  the  fields  as 
indicated  by  Eqs.  (3-51)  and  (3-52),  and  then  by  using  Eq . (3-66) 
obtain  the  free  space  plane  wave  transmission  coefficients  Tr. 

B.  Internal  Slot  Modes 


The  preceding  section  of  this  chapter  dealt  with  the  Floquet 
mode  set  used  to  express  the  fields  in  the  region  external  to  the 
slots.  In  this  section  of  the  chapter  the  modes  used  to  describe 
the  fields  inside  the  slot  will  be  developed.  Mode  sets  for  the 
rectangular,  single  loaded,  4-legged  symmetric  and  3-legged  symmetric 
slots  will  be  presented.  The  mode  sets  for  all  of  these  slot  shapes 
will  be  adequate  for  describing  the  fields  in  the  slot  regardless  of 
the  slot  (panel)  thickness.  However,  we  will  in  later  chapters  pre- 
sent actual  calculated  data  for  thick  slot  arrays  only  for  the 
rectangular  slot  case.  This  is  due  to  the  difficulty  of  fabricating 
thick  metallic  panels  perforated  with  the  more  complicated  loaded 
slot  shapes  which  would  be  required  for  experimental  confirmation  of 
the  theory. 

1.  Rectangular  Slot  Modes 

The  electric  and  magnetic  fields  for  a rectangular  slot  with 
coordinate  system  shown  for  the  center  slot  of  Fig.  3-2  can  be 
expressed  as  a combination  of  rectangular  waveguide  modes.  This 
mode  set  is  similar  to  that  used  in  Chapter  II  to  describe  the  fields 
in  the  rectangular  waveguide  problem.  A more  thorough  discussion  will 
be  given  here. 
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The  slots  are  assumed  to  be  narrow,  i.e.,  b'<>.,  and  b<<a,  so  that 
to  a good  approximation  the  fields  ir,  the  slot  will  be  TEX.  This 
assumption  is  not  necessary,  but  it  enables  us  to  use  a more  efficient 
mode  set. 

The  mode  set  which  is  TEX  is  obtained  from  the  wave  function  [44] 


(3-67)  f X = sin(~  - ~)  cos  - $£-)  exp(Tyrf^z) 

where 


(3-68) 


In  Eq.  (3-68)  the  expression  which  has  a positive  radical  is  chosen. 
The  integers  f and  g denote  the  mode  number,  and  K3-W/W3C3,  where 
£3  and  U3  are  the  parameters  of  the  slot  medium.  The  relative  permit- 
tivity and  permeability  of  the  material  in  the  slot  may  thus  differ 
from  that  surrounding  the  panel.  The  transverse  (to  z)  components  of 
the  modes  in  the  slot  are  obtained  from 
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with  some  slight  simplification  as: 
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The  subscript  b denotes  that  these  modes  are  valid  within  the  slot. 
The  subscript  j is  a mode  number  running  from  0 to  infinity;  for  each 
j there  is  a corresponding  value  for  f and  g,  with  j=0  corresponding 
to  f=l , g=0,  etc.  Also 


(3-71  ) 


2 


These  modes  are  linear  combinations  of  the  more  usual  TEZ  and  TMZ 
modes,  except  that  the  TEx^o  modes  are  identical  to  the  3Ez^q  modes. 

If  the  slots  are  wide  enough  so  that  £x  in  the  slot  is  not  negligible, 
one  could  form  a complete  mode  set  by  adding  to  the  above  set  the  TMX 
modes.  In  this  case,  however,  it  would  be  just  as  efficient  to  use 
the  TEZ  and  TI1Z  mode  set.  For  the  narrow  slots  which  are  being  con- 
sidered here,  EX;T),  and  thus  the  fields  in  the  slots  can  be  described 
most  efficiently  with  just  the  TEX  mode  set. 

It  is  easy  to  show  that  the  above  modes  satisfy  the  orthogonali ty 
relationship 


(3-72) 


'bn 


bj 


z ds  = 0, 


n/j 


where  f ^ ds  denotes  integration  over  the  slot  cross  section. 

2.  Single  Loaded  Slot  Modes 

The  mode  matching  method  has  heretofore  been  applied  only  to 
arrays  of  slots  which  were  circular  or  rectangular,  so  that  the 
usual  waveguide  modes  could  be  used  as  a basis  for  the  tangential 
fields  in  the  slots.  Transmission  line  loaded  slot  arrays  (see 
Fig.  1-7),  however,  have  better  performance  for  many  applications 
than  arrays  of  circular  or  rectangular  slots,  and  it  is  therefore 
desirable  to  extend  the  modal  method  to  arrays  of  loaded  slots.  In 
this  section  we  will  deal  with  the  single  loaded  slot,  anJ  in  the 
next  section  with  3-legged  and  4-legged  loaded  slots. 

One  possible  approach  would  be  to  solve  for  the  modes  of  a 
cylindrical  waveguide  with  a cross  section  identical  to  the  shape  of 
thf  desired  loaded  slot.  This  procedure  would  involve  considerable 
difficulty  in  terms  of  the  effort  involved  and  the  numerical  problems 
encountered.  Actually,  it  is  not  necessary  or  perhaps  even  desirable 
to  expand  in  terms  of  waveguide  modes. 
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In  order  to  provide  an  efficient  basis  for  the  transverse  (to  z) 
fields  of  the  single  loaded  slot  of  Fig.  3-9  we  will  again  make  the 


y 


Figure  3-9. --Coordinates  and  dimensions  used  to  express 
the  single  loaded  slot  modes. 


approximation  that  the  slots  are  narrow  enough  so  that  the  component 
of  the  E-field  which  is  parallel  with  the  long  edge  of  the  slot  may  be 
negiected.  For  example,  in  region  la  of  Fig.  3-9  only  the  Ey  com- 
ponent. is  significant,  while  in  region  lb  only  the  Ex  component. 

This  approximation  will  be  very  good  for  most  narrow  band  loaded 
slots,  where  b is  usually  « a.  To  further  simplify  the  representation 
we  will  make  the  approximation  that  the  variation  of  the  fields  across 
the  narrow  dimension  of  the  slot  is  negligible.  This  would  correspond 
in  a narrow  rectangular  slot  to  approximating  the  fields  using  only 
the  TEn0  modes.  If  we  now  visualize  "bending"  these  TEno  rectangular 
guide  modes  into  the  single  loaded  slot  shape  we  obtain  the  approximate 
mode  set  which  will  be  used  to  describe  the  transverse  fields  in  the 
single  loaded  slot.  Making  use  of  the  coordinate  l,  which  is  the 
distance  measured  from  the  point  x=-a-  y=0  along  the  center  of  the 

slot  in  Fig.  3 j,  we  can  express  this  approximate  mode  set  as 

+ ;r  z 

(3-73)  c-bn  = sin(-p)  F(0  e 


bn 


= V 


bn 


. ,hrA. 

sm(-r) 


(zxF(t) ) e 


±/r  z 
J no 


(3-74) 


where  T is  the  total  length  of  the  slot,  and 

where  F(t)  js  equal  to  -x  in  region  lb,  +x  in  region  lc 
and  +y  elsewhere,  as  indicated  by  the  arrows  which 
represent  the  tangential  E-field  across  the  slot. 

The  value  of  rn~  is  given  by  Eq.  (3-68),  with  Ypn  given  by  Eq.  (3-71) 
with  f=n  and  g=0.  The  orthogonality  relation  of  Eq.  (3-72)  can 
easily  be  shown  true  for  this  mode  set. 

The  given  mode  set  is  a reasonable  approximation  to  the  transverse 
fields  in  the  single  loaded  slot  except  where  the  vector  function  F(t) 
changes  direction  (i.e.,  at  x=0,  y=-w;  y=0,  y=w;  x=h , y=w;  x=h,  y=-w). 

In  these  areas  the  mode  fields  change  abruptly  and  do  not  approximate 
the  actual  fields  very  well.  However,  for  b <<  a these  corner  regions 
form  a very  small  percentage  of  the  total  slot  aperture.  Also,  in 
practical  slots  the  corners  are  actually  rounded  slightly.  We  are 
content  to  let  the  validity  of  this  approximation  be  judged  by  the 
accuracy  of  the  resul ts ‘which  can  be  obtained  with  this  mode  set. 

3.  Syrmietrical  Loaded  Slot  Modes 

In  this  section  approximate  mode  sets  will  be  derived  for  the 
4-legged  and  3-legged  symmetric  slots.  The  mode  sets  for  these  two 
loaded  slot  types  will  be  nearly  identical,  and  thus  they  will  both  be 
considered  in  this  section. 

The  modes  are  derived  from  an  approximate  mode  set  for  the  fields 
in  a coaxial  waveguide  with  a-b<<l/2(a+b)=rQ,  where  r0  is  the  average 
radius  of  the  coaxial  waveguide.  The  coordinate  system  for  the  coaxial 
waveguide  is  shown  in  Fig  3-10.  With  the  above  restriction  on  a and  b 
the  dominant  modes  are  the  TEno  modes.  Johnson  [45]  gives  the  following 
approximate  expressions  for  the  TEno  coaxial  waveguide  modes: 
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Figure  3-10.— Coordinate  system  for  expressing  the  approximate 
mode  set  for  a narrow  coaxial  waveguide. 


and  e 3 and  P3  the  constitutive  parameters  for  the  region  inside  the 
coaxial  waveguide.  If  we  now  make  the  additional  restriction  that 
a-b<<A  we  can  simplify  the  above  modes  even  more  by  noting  that  1/r 
will  be  nearly  constant  over  the  small  region  b<r<a.  If  in  Eqs . 

(3-73)  through  (3-7C)  we  assume  1/r  is  constant,  Hefine  the  average 
circumference  S=2iTr0,  and  separate  the  angular  exponential  term  into 
sign  and  cosine  modes,  we  arrive  at  the  following  approximate  mode 
set  for  the  narrow  coaxial  waveguide: 

j=l,3,5;  n = 
j=2 ,4,6,8;  n = i 

f ' p * p _ 

sin(~^)  e J n (zxSU))  j=l,3,5;  h = A~- 

(3-77)  fi-h.  = 3 3 

bj 

, — ^ cos  (^^)  e * n (zxG(A))  j=2,4,6;  n = ^ 

3 3 
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where 


(3-78) 


[t 


(k3) 


2 


(choose  positive  radical) 


and  where  £ is  measured  as  shown  in  Fig.  3-10,  from  e_=0  along  the 
center  of ^ the  coaxial  opening.  The  vector  function  G (£.)  is  merely 
equal  to  r for  the  coaxial  waveguide.  The  subscript  j uniquely 
determines  the  mode,  i.e.,  j=l  is  the  n=l  sine  mode,  j-2  is  the  n=l 
cosine  mode,  etc.  The  subscript  b again  denotes  that  the  mode  is 
valid  in  the  slot  region  rather  than  in  the  free  space  (Floquet  mode) 
regi on . 


We  can  now  quite  simply  adapt  this  mode  set  to  the  4-legged  and 
3-legged  loaded  slots  by  "bending"  the  approximate  coaxial  modes  into 
the  proper  shape,  just  as  the  rectangular  slot  modes  were  "bent"  into 
the  loaded  slot  shape. 


The  4-legged  slot  geometry  is  shown  in  Fig.  3-11.  In  order  to 
apply  the  approximate  mode  set  of  Eqs.  (3-76),  (3-77),  and  3-78),  the 
4-legged  slot  must  have  b<<>.  and  b<<5,  where  the  average  perimeter 
5 is  now  given  by  S-4d+8c.  The  coordinate  Z of  Fig.  3-11  is  measured 
from  the  point  x=-c-d/2,  y=0  along  the  center  of  the  slot.  Finally, 
we  define  'G(t)  as  a unit  vector  whose  direction  in  each  straight 
segment  of  the  slot  is  indicated  by  the  arrows  drawn  in  the  slot,  as 
was  done  for  the  function  F(n)  defined  for  the  single  loaded  slot 
modes.  With  these  quanti ti es  thus  defined,  Eqs.  (3-76),  (3-77), and 
(3-78)  express  the  approximate  mode  set  used  to  describe  the  modes  in 
the  4-legged  symmetric  slot. 

The  approximate  mode  set  for  the  3-legged  loaded  slot  of  Fig. 
3-12  can  be  expressed  similarly.  The  average  circumference  S is  now 
given  by  S = 3d+6c.  By  redefining  the  unit  vector  G(£)  in  Eqs.  (3-76) 
and  (3-77)  to  agree  with  the  directions  indicated  by  the  arrows  of 
Fig.  3-12,  the  equations  will  now  serve  to  describe  the  modes  for  the 
3-legged  slot  as  wel  1 . 


_A1  though  the  FTgj  modes  have  been  given  for  completeness,  only 
the  epj  modes  will  be  needed  in  later  chapters  for  these  two  types  of 
slots.  This  is  because  calculated  data  for  thick  panels  perforated 
with  s,lots  of  these  shapes  will  not  be  given  in  this  work.  The  reason 
is  that  the  unconnected,  central  piece  of  conductor  makes  this  type  of 
slot  difficult  to  fabricate  in  a thick  panel.  (Normally,  these  slot 
types  are  etched  in  thin  copper  laminated  to  a dielectric,  with  the 
dielectric  substrate  serving  to  support  the  central  metal  piece.) 
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Figure  3-12.  — Coordinates  and  dimensions  for  expressing  the  approxi- 
mate mode  set  for  the  3-legged  loaded  slot. 


It  is  interesting  to  note  that  if  a moment  method  solution  for 
the  current  on  the  complementary  4-legged  loaded  loop  were  formulated, 
one  choice  of  basis  functions  for  the  currents  on  the  wire  would  be 
an  entire  domain  Fourier  Series  basis.  This  basis  would  be  mathe- 
matically equivalent  to  the  e^j  modes  given  in  Eq.  (3-76)  with  z=0. 
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CHAPTER  IV 

THICKNESS  AND  DIELECTRIC  EFFECTS 


In  the  previous  chapter  the  mode  sets  used  to  describe  the  fields 
resulting  from  plane  wave  scattering  by  a periodic  slot  array  were 
derived.  In  this  chapter  moment  methods  will  be  used  to  solve  for  the 
unknown  modal  coefficients  and  thus  obtain  the  scattered  fields.  The 
geometry  of  the  problem  is  illustrated  in  Fig.  4-1.  Although  an 


Figure  4-1 . --Coordi  nates  and  dimensions  for  an  array  of  slots  in  - 
thick  metal  panel  covered  with  dielectric  layers. 


interlaced  grid  is  shown,  the  Floquet  mode  set  can  accommodate  other 
grids  (see  Chapter  III).  The  dielectric  layers  may  be  of  arbitrary 
thickness  and  permittivity  but  must  be  identical.  (The  basic  method 
of  solution  can  be  applied  when  the  dielectric  layers  are  different, 
but  the  procedure  will  be  more  involved.)  This  is  not  a major 
shortcoming  for  practical  geometries  since  Hunk  [4]  has  shown  that 
general  lossless  transmission  will  be  obtained  with  identical 
dielectric  layers.  The  slots  themselves  may  be  filled  with  a 


dielectric  of  different  permi tti vi ty  and  permeability  than  that  of 
the  external  dielectric  layers,  and  are  cut  in  a perfectly  conductive 
panel  of  finite  thickness 

Mathematically,  the  problem  is  quite  similar  to  the  thick  wave- 
guide window  problem  treated  in  Chapter  II.  The  main  differences 
are  that  the  Floquet  mode  set  rather  than  the  waveguide  mode  set  is 
used  to  describe  the  fields  external  to  the  slot,  and  that  the  presence 
of  dielectric  layers  is  included  in  the  theory.  This  mathematical 
similarity  is  due  to  the  fact  that,  because  of  the  periodicity  of  the 
Floquet  modes,  the  boundary  conditions  for  tangential  E and  H need 
to  be  enforced  only  over  one  periodic  cell  of  the  infinite  array. 

Thus  the  modal  analysis  method  of  Wexler  [38]  can  be  used  for  the 
thick  slot  array  just  as  it  was  used  in  the  waveguide  window  problem 
of  Chapter  1 1 . 

Chen  outlined  an  equivalent  method  of  solution  for  thick  slot 
arrays  [33],  and,  although  he  did  not  actually  give  the  solution,  he 
did  present  some  calculated  results  for  rectangular  and  circular  slots 
in  thick  panels.  His  results  all  showed  large  shifts  of  resonance 
frequency  with  incidence  angle.  The  final  sentence  of  his  paper 
states  that  "Shifts  of  resonance  frequency  and  changes  in  bandwidth 
in  the  opposite  sense  for  the  perpendicular  and  parallel  polarizations 
as  functions  of  incident  angle  limit  many  useful  applications  of  this 
perforated  plate".  We  shall  show  that  with  proper  use  of  dielectric 
loading,  arrays  of  rectangular  slots  can  be  designed  with  negligible 
frequency  shift  and  greatly  reduced  changes  in  bandwidth  with 
changing  incidence  angles.  This  result  is  of  practical  importance 
since  rectangular  slots  are  somewhat  easier  to  fabricate  than  the 
more  complicated  loaded  slot  shapes,  especially  for  thicker  panels. 

A.  Thick  Panel  Solution 


Referring  to  Fig,  4-1,  we  have  a plane  wave  incident  on  the 
panel  from  the  +z  direction.  For  z>t,  i.e.,  in  the  free  space  region, 
this  plane  wave  can  be  expressed  as 

<'>-')  ,1/’^ 

r=  i 

(4-2)  Hln.  f A-X, 
r=  i 


Similarly,  the  specularly  reflected  plane  wave  can  be  expressed  as 
2 


(4-3; 


F = 7 Rr  er, 

re  ^ al 
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(4-4) 
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al 


The  modal  coefficients  A1  are  known,  i.e.,  are  determined  by  the 
polarization  of  the  incident  wave.  We  wish  to  determine  the  Rr. 

From  the  results  of  the  previous  chapter  (Eqs.  (3-32)  through  (3-35) 
and  Eq.  (3-43))  wtj  can  express  the  tangential  fields  at  the  surface 
of  the  panel  (z=0  ) as: 


(4-5 ) 
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where  the  pr  and  a-  are  unknown  modal  coefficients  and  we  define 
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In  order  to  express  the  fields  in  the  slots  we  must  first  con- 
sider the  effects  of  the  finite  thickness  on  the  slot  fields.  This 
problem  was  also  considered  in  Chapter  II.  We  will  use  the  same 
approach  here,  but  will  explain  the  technique  from  a somewhat 
different  point  of  view. 

Since  we  are  treating  the  metal  panel  as  perfectly  conducting, 
the  tangential  electric  field  will  be  zero  except  in  the  slots.  In 
the  slots  at  z=0  the  tangential  fields  wi 11  have  to  include  the 
reflections  from  the  other  end  of  the  slot.  As  illustrated  in 
Fig.  4-2,  a mode  i is  excited  in  the  slot  and  propagates  in  the  -z 
direction.  When  it  strikes  the  end  of  the  slot  at  z=-£  not  only  is 
mode  i reflected,  out  also  modes  j,  k,  etc.  Thus  in  order  to 
evaluate  the  modes  at  z^-O  one  would  need  t,o  evaluate  the  scattering 
matrix  S-jj  for  the  discontinuity  at  z=-£,  where  S-jj  represented  the 
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Figure4-2.--A  slot  mode  i excited  when  the  incoming  plane  wave  hits 
the  panel  at  z=0  will  excite  other  modes,  j,  k,  •••,  as 
well  as  mode  i itself  when  it  is  reflected  by  the  end 
of  the  slot  at  z=-£. 


reflected  amplitude  of  mode  j due  to  mode  i.  This  scattering  matrix 
would  be  difficult  and  time-consuming  to  evaluate.  We  can  skirt  this 
problem,  however,  by  considering  the  situation  in  Fig.  4-3,  In 
Fig.  4-3a  is  illustrated  symmetric  excitation.  Identical  plane  waves 
are  incident  on  the  array  and  phased  so  that  at  z=-t/2  the  E fields 
add  and  the  H fields  cancel  producing  an  open  circuit.  Similarly, 

Fig.  4-3b  illustrates  antisymmetric  excitation  which  effectively 
produces  a short  circuit  at  z=-*/2.  Thus,  if  the  panels  are  covered 
with  dielectric,  the  dielectric  layers  on  each  side  must  be  identical. 
If  we  should  solve  for  the  fields  in  the  half-space  z>-i/2  with  both 
symmetric  and  antisyrranetri  c excitation  and  add  them,  the  reflection 
coefficient  obtained  would  be  that  for  a single  incident  plane  wave, 
as  illustrated  in  Fig.  4-3c.  If  on  the  other  hand  we  subtract  the 
fields,  then  the  reflection  coefficient  obtained  for  the  half  space 
z>-i/2  would  actually  be  equal  to  the  transmission  coefficient  for  the 
panel,  as  illustrated  in  Fig.  4-3d . 


k. 
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(c)  (o)  +{ b)  (d)  (a)-(b) 


Figure  4-3.--Symmetri c and  anti -symmetn  c excitation 
of  a slot  in  the  array. 


The  symmetric  and  antisymmetric  excitations  also  diagonalize  the 
scattering  matrix  5-jj,  enabling  us  to  expand  the  tangential  fields  in 
the  central  slot  at  z=0”  as 


rU=o-  * I,  bj 


I 

f : 
\ 

I 


(4-11)  Sj.  = i exp(-y:fgi) 

Willi  the  positive  and  neqative  signs  corresponding  to  symmetric  and 
antisymmetric  excitation  respectively.  The  epj  and  TTbj  f'°des  are 
qiven  ;n  the  previous  chapter  for  various  slot  shapes. 

We  can  now  proceed  to  satisfy  the  boundary  conditions.  Tangential 
E and  il  must  be  continuous  at  the  slot  aperture,  while  tangential  E 
must  vanish  elsewhere.  If  we  equate  Eq . (4-5)  with  Eg.  (4-9),  take 

a cross  product  with  lr^  ' , and  integrate  over  a periodic  cell,  we 
obtain 


(4-12) 
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for  m=l , r=l  or  2 , and 
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for  m=  2 , 3 , • • • , * and  r=l,2.  The  notation  j,  ds  denotes  an  integration 
over  the  central  periodic  cell  (see  Fig.  3-2).  Equations  (4-12)  and 
(4-13)  enforce  continuity  of  tangential_E  across  the  slot  aoerture 
and,  since  the  integrations  containing  ebj  are  zero  exceut  over  the 
slot  aperture  (j’^ds),  also  enfurce  tangential  E=0  at  the  metallic 
surface.  The  orthogonality  relation  of  Eq.  (3-22)  was  used  in 
obtaining  Eqs . (4-12)  and  (4-13).  To  enforce  continuity  of  tangential 
H across  the  aperture  we  equate  Eq . (4-6)  with  Eq.  (4-10),  take  a 
cross  product  with  epn,  integral e over  the  slot  aperture,  and  apply 
the  orthogonality  relationship  of  Eq.  (3-72),  obtaining 
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for  r.=l  ,2,  — Equations  (4-12)  through  (4-14)  actually  represent 
a doubly  infinite  set  of  equations.  We  must  therefore  truncate  the 
mode  sets,  retaining  enough  modes  to  obtain  a good  approximation  to 
the  true  solution.  We  will  leave  the  discussion  of  how  many  modes  are 
required  to  a later  section.  For  now  we  will  include  2M  Floquet 
modes  and  N waveguide  modes  in  our  solution. 

It  should  be  noted  that  Eqs.  (4-12)  through  (4-14)  are  nearly 
identical  to  Eqs.  (2-16),  (2-17),  and  (2-19)  obtained  for  the  wave- 
guide iris  problem  of  Chapter  II.  The  differences  are  that  in  this 
chapter  the  Floquet  mode  set  rather  than  the  waveguide  modes  are 
used  to  describe  the  fields  outside  the  slot  and  that  dielectric 
layers  are  now  included  in  the  analysis.  This  similarity  is  due  to 
the  fact  that  we  are  matching  the  tangential  fields  over  only  one 
periodic  cell  in  the  array. 


Equations  (4-13)  and  (4-14)  form  a coupled  system  of  equations. 
If  we  solve  Eq.  (4-13)  for  the  a^,  change  index  m to  i,  and  substi- 
tute into  Eq.  (4-14),  we  obtain,' 
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which  is  actually  N equations  but  with  N+2  unknowns,  namely  the  bj 
and  the  pr.  However,  if  we  rearrange  Eq.  (4-12)  we  obtain 


(4-16)  pr(l-0Fr)j  j »j(HSjj)UbJx1i;<1)*dds 

3 J 1 D 
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which  together  wi th  Eq . (4-15)  forms  a system  of  N+2  equations  with 
N+2  unknowns. 
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In  order  to  simplify  Eqs.  (4-15)  and  (4-16)  we  shall  evaluate 
the  integral  j e!\-  x ^ • z ds.  From  Eqs.  (3-12)  to  (3-15), 


a ai  ai 
(3-18),  (3-19),  and  (3-49),  (4-50),  we  obtain 
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for  i =1 , and  simi  larly 
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for  i/1.  8y  applying  Eqs.  (4-17)  and  (4-18),  and  using  the 


function  defined  in  Eq.  (3-50),  we  can  rewrite  Eq.  (4-15)  and 
Eq.  (4-16)  as 
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The  system  of  equations  given  by  Eq . (4-19),  and  (4-20)  must 
actually  be  solved  twice,  once  for  symmetric  excitation  and  once  for 
antisymmetric  excitation.  If  we  denote  the  reflection  coefficients 
in  the  dielectric  region  as  p£  and  p£  for  symmetric  and  anti- 
symmetric excitation  respectively,  we  can  find  the  correspondi ng 
free  space  reflection  coefficients  R£  and  R£  from  Eq.  (3-44).  Re- 
calling the  properties  of  symmetric  and  antisymmetric  excitation  it 
is  evident  that  the  free  space  reflection  coefficients  Rr  and  the 
free  space  transmission  coefficients  Tr'  are  given  by 


(4-21 ) Rr  = 1/2  (Rr  + R^) 

S a 


(4-22)  Tr  = 1/2  (Rfr  - R[). 

S a 

Due  to  the  difficulty  of  machining  complex  slot  shapes  in  thick 
panels,  we  will  be  primarily  concerned  with  rectangular  slot  arrays. 
For  rectangular  slots  we  have,  from  Eqs . (3-69)  and  (3-70), 
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where  the  integral  is  evaluated  at  the  front  surface  of  the  panel 
(z=0).  The  •^bjx^pq'zc^s  intt'9ra^s  are  evaluated  in  closed  form, 
with  the  results  given  in  Appendix  B. 


The  solution  was  then  programmed  in  Fortran  IV  for  computer 
solution.  The  convergence  and  accuracy  of  this  solution  will  be 
investigated  in  Section  B.  Then  in  following  sections  of  this  chapter 
various  results  obtained  from  the  above  solution  will  be  presented. 

In  Section  C we  will  illustrate  how  the  undesired  shift  of  resonance 
with  incidence  angle  which  limits  the  applications  of  rectangular 
slot  arrays  can  be  eliminated  by  sandwiching  the  array  between 
dielectric  layers  of  the  proper  thickness  and  dielectric  constant. 
These  dielectric  layers  also  have  the  effect  ot  greatly  reducing 
the  change  of  bandwidth  with  incidence  angle.  In  Section  D we  will 


discuss  how  the  presence  of  these  dielectric  layers  will  cause  the 
Wood's  anomaly  transmission  null  to  move  downwards  in  frequency. 
Section  E shows  how  a similar  downward  shift  of  the  Wood's  anomaly 
null  frequency  can  be  caused  by  certain  slot  arrangements.  In 
section  F we  will  show  how  the  undesired  resonance  shift  can  be 
eliminated  for  thicker  panels  (0.1")  by  filling  the  rectangular  slots 
with  dielectric.  Finally,  in  Section  G some  general  comments  on  the 
interaction  of  thickness  and  dielectt  ic  effects  will  De  made  and 
supported  by  calculations. 

b . C onvergence  _P  roper  ties  of  the  Modal  Solution 

In  this  section  we  shall  first  show  a comparison  between  calcu- 
lated and  measured  data,  and  then  investigate  the  convergence 
properties  of  the  modal  solution. 

In  Fig.  4-4  ore  shown  measured  points  and  calculated  curves  given 
by  Munk  [3]  for  the  reflection  from  a periodic  array  of  rectangular 
strip  dipoles.  The  Wood's  anomalies  are  shown  quite  clearly  in  these 
curves,  and  the  shift  of  resonance  frequency  with  incidence  angle  is 
quite  severe.  Note  that  the  reflection  curves  do  not  reach  0 dB  for 
frequencies  above  the  Wood's  anomaly.  This  is  because  some  of  the 
incident  energy  is  being  radiated  in  the  grating  lobe  directions. 

Transmission  curves  for  the  complementary  slot  array  calculated 
using  the  modal  analysis  solution  of  the  previous  section  are  shown 
in  Fig.  4-5.  The  panel  thickness  is  0.0175  cm.  The  number  of  Roquet 
modes  used  was  242,  with  the  maximum  absolute  values  of  p and  q 
equal  to  5.  Four  modes  were  used  to  describe  the  fields  in  the  slots, 
with  f-1,3,5,  and  7,  and  g-0.  For  these  incidence  angles  the  even 
ordered  modes  are  not  excited.  The  agreement  between  the  two 
solutions  is  quite  good.  Note  that  for  the  frequencies  above  the 
Wood's  anomalies  the  modal  solution  agrees  better  with  the  measured 
points  than  the  mutual  impedance  solution  curves  of  Fig.  4-4.  The 
main  discrepancy  between  the  two  solutions  is  that  the  resonance 
curves  given  by  the  modal  solution  are  more  narrow  banded.  This  is  as 
it  should  be,  however,  since  finite  thickness  causes  the  bandwidth 
of  a slot  array  to  become  more  narrow,  while  a thick  dipole  array 
will  have  a wider  bandwidth  than  a thin  one. 

In  the  next  three  figures  we  shall  illustrate  some  of  the  con- 
vergence properties  of  the  modal  solution.  In  Fiq.  4-6  are  resonance 
curves  for  the  same  panel  geometry  as  Fig.  4-5  Tor  (near)  normal 
incidence.  Since  p and  q will  have  negative  values  the  total  number 
of  Floquet  modes  is  given  by  2* (2»pmax+l  )(2*qmax+l ) , where  pmax  and 
qinax  represent  the  absolute  maximum  values  of  p and  q respectively. 

For  this  case  pmax=qmaxr5,  thus  the  number  of  Floquet  modes  is  at  242. 
The  number  of  slot  modes  is  varied  from  1 to  4 (only  the  odd  modes 
(f  = 1,3,5,***)  are  excited).  It  is  evident  that,  for  this  geometry  and 
incidence  angle  the  solution  converges  quite  rapidly  in  terms  of  the 
slot  modes,  with  good  results  obtained  even  with  just  1 mode  in  the 
slot. 
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tual  impedance  method)  and  measured  points 
the  bistatic  reflection  coefficient  for  an 
s the  thickness  of  the  copper  plates. 
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array  of  Fig.  4-5  calculated  using  the  modal  analysis  solution. 
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In  Figs.  4-7  and  4-8  we  show  more  genera!  convergence  data  for 
the  modal  solution.  The  panel  geometry  is  again  the  same  as  in 
Fig.  4-4,  except  that  now  the  panel  is  sandwiched  between  two 
dielectric  layers  .3175  cm  thick  with  er=4.0.  The  frequency  is  held 
constant  at  5 GHz,  while  both  the  number  of  Floquet  inodes  and  slot 
modes  are  varied.  Figure  4-7  is  for  80a  H-plane  incidence 
(e=80%  i =0 '~ ) while  Fig.  4-8  is  for  80°  F-plane  (6=80%  -*=90c). 

There  are  several  points  which  should  be  made  concerning  the  two 
figures.  The  first  is  that  the  convergence  rate  is  dependent  on  the 
incidence  angle.  The  E-plane  solution  is  converging  faster  than  the 
H-plane,  even  when  considered  on  a percent  error  basis.  This  is 
also  true  for  the  mutual  impedance  solution,  i.e.,  more  terms  in 
the  impedance  summation  are  required  for  H-plane  (slot  panels)  con- 
vergence than  for  E-plane. 

The  second  point  is  that  a very  high  ratio  of  Floquet  modes  to 
slot  modes  is  needed  for  convergence.  This  agrees  qualitatively  with 
results  for  other  modal  type  solutions,  where  it  was  found  tnat  for 
cotinum  results  the  ratio  of  modes  in  the  two  regions  should  be  in 
proportion  to  the  relative  size  of  the  two  regions  [40].  However, 
these  results  were  for  much  simpler,  two  dimensional  problems  and  do 
not  apply  precisely  to  the  geometry  being  considered  here.  Note  that 
tiie  size  of  the  matrix  required  to  solve  for  the  modal  coefficients 
does  not  depend  on  the  number  of  Floquet  modes,  but  depends  only  on 
the  number  of  slot  modes.  Thus  the  integral  equation  formulation 
of  the  previous  section  is  quite  efficient  in  terms  of  computer 
storage  space  required  for  this  geometry. 

The  third  point  is  that  for  a given  number  of  slot  modes  there 
is  a minimal  number  of  Floquet  modes,  below  which  number  the 
solution  will  not  have  converged,  and  above  which  number  very  little 
change  occurs  in  the  result.  One  method  for  detecting  that  the  re- 
quired minimal  number  of  Floquet  modes  has  been  included  in  the 
solution  is  to  observe  the  calculated  modal  coefficients.  Normally, 
the  modal  coefficients  will  decrease  in  magnitude  roughly  as  the 
attenuation  constant  increases.  If  instead  they  increase  exponen- 
tially one  can  conclude  that  more  Floquet  nodes  should  be  included  in 
the  solution  [46].  This  minimum  required  number  of  Floquet  modes  is 
evident  in  Fig.  4-8,  where  for  fmax=5  the  solution  has  converged  at 
pmax=qmax=4,  while  for  fmax=7  the  solution  does  not  converge  until 
pmax-qmax=5.  Note  that  this  minimal  number  of  Floquet  modes  increased 
with  the  increase  in  the  number  of  slot  modes,  which  agrees  with  the 
statement  of  point  two  that  for  a given  geometry  there  is  an  optimum 
ratio  of  Floquet  modes  to  slot  modes. 

In  general,  for  three  dimensional  mod?  matching  problems  of 
the  type  being  considered  here  there  seems  to  be  no  simple  way  to 
arrive  at  the  optimum  number  of  modes  required  for  convergence,  and 
one  is  forced  to  run  convergence  tests  of  the  type  shown.  These 
convergence  tests  are  complicated  by  *he  fact  that  there  ore  two  mode 
sets  to  be  considered. 
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onvergence  data  consisting  of  the  transmission  coefficient  at  5 GHz 
or  the  array  shown  for  various  numbers  of  slot  modes  (fmax)  vs.  the 
lumber  of  Floquet  modes;  80°  H-plane  incidence. 


figure  4-8. --Convergence  data  consisting  of  the  transmission 
coefficient  at  5 GHz  for  the  array  shown  for 
various  numbers  of  slot  modes  (only  the  odd 
modes  are  excited)  vs.  the  number  of  Roquet 
Modes;  80°  E-plane  incidence. 


Now  that  our  discussion  of  the  convergence  properties  of  this 
solution  has  been  completed,  let  us  proceed  to  show  some  of  the  re- 
sults obtained  using  this  solution. 
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C . Thin  Arrays  Hovered  with  Dielectric  Slabs 

In  this  section  we  are  concerned  with  investigating  the  effects 
of  cladding  resonant  slot  arrays  in  dielectric  slabs.  While  the 
calculated  curves  are  for  thin  U<.01x)  arrays  of  rectangular  slots, 
many  of  the  results  obtained  will  apply  to  arrays  of  loaded  slots 
as  well.  This  is  true  of  the  results  obtained  concerning  the  effects 
of  the  dielectric  slabs  on  the  Wood's  anomaly,  which  will  be  discussed 
more  fully  in  the  next  section.  Also,  the  effect  which  the  dielectric 
slabs  have  of  stabilizing  the  bandwidth  of  slot  arrays  as  a function 
of  incidence  angle  has  application  to  loaded  slot  arrays  as  well. 

It  will  be  shown  here  that  arrays  of  rectangular  slots  covered 
with  dielectric  slabs  can  be  designed  to  overcome  the  undesirable 
shift  of  resonance  frequency  with  incidence  angle  normally  found  in 
such  arrays.  This  development  is  of  practical  interest  since 
rectangular  slots  may  be  more  easily  fabricated  than  loaded  slots, 
especially  in  thick  panels  where  cnemical  milling  does  not  give 
good  results. 

In  Fig.  4-9  we  show  an  interesting  series  of  calculated  curves 
which  illustrates  the  effects  of  dielectric  layers  of  various  thick- 
nesses on  the  resonance  frequency  of  a slot  array.  The  panel  geometry 
is  the  same  as  that  of  Fig.  4-5,  and  the  curves  shown  are  all  for 
near  normal  incidence  (e=l°,  $=90°).  The  dielectric  material  is  loss- 
less with  er=4.0.  The  number  of  modes  used  is  the  same  as  in  Fig. 

4-5.  The  curve  marked  NO  DIELECTRIC  is  the  same  as  the  corresponding 
6=1°  curve  of  Fig.  4-5,  and  is  calculated  with  the  perforated  metal 
panel  in  free  space.  If  the  slots  themselves  are  filled  with  a loss- 
less dielectric  material  with  er=4  (referring  to  Fig.  4-1,  we  have 
£3=4.0,  e]=1.0)  the  resonance  frequency  is  reduced  slightly.  For  a 
thicker  panel  the  reduction  will  be  greater,  as  will  be  illustrated 
in  a later  section  of  this  chapter. 

If  we  leave  the  dielectric  in  the  slot  (g3=4.0)  and  also  coat 
the  array  on  both  sides  with  dielectric  layers  of  various  thicknesses 
(ei=4.0)  we  obtain  the  remaining  curves.  Note  that  even  for  the 
0.079  cm  thick  coating,  with  a thickness  of  only  . 0 T 7 X at  6.5  GHz,  the 
reduction  in  resonance  frequency  is  quite  marked.  Note  also  that 
the  shift  in  resonance  frequency  with  dielectric  thickness  is  not 
monotoni cal ly  downward,  but  that  the  panel  with  the  thickest 
dielectric  layer  (t=0,7  cm)  actually  resonates  at  a higher  frequency 
than  several  of  the  panels  with  thinner  dielectric  layers.  Munk  et.al 
[4]  have  shown  that  this  resonance  frequency  vs  thickness  oscillation 
is  a transmission  line  effect  which  is  superimposed  on  the  usual 
monotonic  decrease  in  resonant  frequency  vs  dielectric  thickness, 
and  which  tends  to  cause  relative  minima  in  resonance  frequency  for 
dielectric  thicknesses  St=-/4+n*r , and  relative  maxima  for  Bt=3r /4+n->r , 
where  0 = u/ciy-j,  i.e.,  is  the  propagation  constant  in  the  dielectric. 
The  shoulders  on  the  curves  for  t=0.317  cm  arid  t=0 . 5 cm  are  due  to  the 
some  transmission  line  effects. 


113 


I--.. 'll. ii1  ^ 


The  next  three  figures  show  the  effects  of  coating  a resonant 
slot  array  with  dielectric  layers  the  same  thickness  (0.7  cm]  but 
varying  dielectric  constants  (1.5,  2.6,  4.0).  Again  the  actual 
panel  geometry  is  the  same  as  in  Fig.  4-5.  Various  incidence  angles 
are  shown  for  both  E-  and  H-plane  incidence  (i.e.,  <*>=90'J  and  0°). 

Comparing  Fig.  4-10  with  Fig.  4-5  it  is  evident  that  the  shift 
of  the  resonance  frequency  with  incidence  angle  has  been  reduced 
somewhat  over  the  free  space  case  even  though  the  dielectric  constant 
is  only  1.5.  The  frequency  of  the  Wood’s  anomaly  null,  i.e.,  the  null 
in  ttie  transmission  coefficient  which,  for  the  non-dielectric  case,  is 
associated  with  the  onset  of  a propagating  grating  lobe,  has  been 
shifted  downward  slightly  in  frequency  due  to  the  presence  of  the 
dielectric  layer.  This  "downward  shift  is  a function  of  the  dielectric 
tnickness  and  permittivity  and  will  be  discussed  more  fully  in  the 
next  section,  where  the  null  will  be  referred  to  as  a "surface  wave 
null"  Tiie  frequency  at  which  the  free  snace  grating  lobe  begins  to 
propagate  is  not  changed  by  the  presence  of  the  dielectric  layer. 

This  is  evident  from  inspection  of  the  60  and  30'  H-plane  curves  and 
the  30"  E -plane  curves  which  have  an  abrupt  change  in  si  one  at  the 
onset  of  the  free  space  grating  lobes.  The  frequencies  at  which  these 
changes  in  slope  occur  are  approximately  9.04,  11.24,  and  11.24  Hz 
respectively,  which  agree  with  the  free  space  values  evident  ir.  Eigs. 
4-4  and  4-5.  The  30 3 E-plane  resonance  cu^ve  has  a second  resonance 
at  11.1  GHz  which  is  "forced"  by  the  effect  of  the  dielectric  layer 
on  the  Floquet  modal  impedance.  This  forced  resonance  does  not  result 
in  lossless  transmission  due  to  the  propagating  free  space  gratirg 
lobe . 


Moving  on  now  to  Fig.  4-11,  we  can  see  that  increasing  the 
dielectric  constant  from  1.5  to  2.6  has  caused  both  the  resonance 
frequencies  and  the  Wood’s  anomaly  (surface  wave)  null  frequencies  to 
move  downward  for  the  various  incidence  angles.  The  resonance 
frequencies  are  almost  aligned  now,  with  better  alignment  prevented 
by  the  shoulder  on  the  60°  E-plane  resonance  curve.  Both  the  30n  and 
60°  E-plane  resonance  curves  have  a nearly  lossless  forced  resonance. 
Note  the  abrupt  change  in  slope  of  the  60"  E-plane  curve  at  9.04  GHz 
(the  onset  of  the  propagating  grating  lobe).  The  increase  in  the 
dielectric  constant  has  allowed  the  formation  of  an  incipient  forced 
resonance  in  the  60°  H-plane  curve  at  9.05  GHz.  This  forced  resonance 
right  at  the  grating  lobe  onset  can  exist  for  this  incidence  plane 
because  the  element  pattern  prevents  the  grating  lobe  from  being 
strongly  excited  at  its  onset.  The  12.1  GHz  resonance  for  60°  H-plane 
incidence  is  again  due  to  the  effect  of  the  dielectric  layer  on  a 
Floquet  modal  impedance,  and  not  to  a higher  order  slot  mode  resonance. 

It  is  instructive  to  examine  ttie  bandwidths  of  the  various 
resonance  curves.  Compared  with  Fiq.  4-10,  it  is  evident  that  the 
bandwidth  of  the  60°  H-nlane  curve  has  been  increased  considerably 
with  the  increase  in  the  dielectric  constant.  This  increase  is  quite 
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Calculated  transmission  coefficient  curves  for  the  slotted  panel  of  F 
(dx=dy=l  .78  cm,  a=U2  cm,  b=0.128  cm,  a=90”)  covered  on  both  sides  by 
dielectric  layer  0.7  cm  thick  with  er=2.6  in  the  dielectric  layer  and 


significant,  for  it  tends  to  confirm  previous  predictions  [4]  that 
the  E-  and  H-plane  bandwidths  of  a resonant  plot  array  could  be  made 
nearly  independent  of  incidence  angle  by  coating  the  array  on  both 
sides  with  dielectric  slabs  of  the  proper  thickness  and  dielectric 
constant.  The  ratio  between  the  60°  E-plane  and  60°  H-plane  resonance 
curve  bandwidths  would  normally  be  approximately  4:1,  while  in  Fig. 

4-11  this  ratio  is  reduced  to  2:1.  This  example  is  not  conclusive, 
however,  since  the  Wood's  anomaly  (surface  wave)  null  just  above 
resonance  for  the  60°  E-plane  curve  tends  to  narrow  the  bandwidth  of 
this  curve.  If  this  null  were  removed,  the  60°  E-plane  bandwidth 
would  increase.  But  note  that  this  increase  would  tend  to  decrease 
the  ratio  between  the  E-  and  H-plane  bandwidths  even  more,  provided 
it  WdS  limited  to  approximately  a factor  of  two.  Much  further  work 
has  been  performed  on  this  subject,  and  the  interested  reader  is  re- 
ferred to  the  work  by  Munk  et.al.,  reported  in  reference  [5]. 

The  resonance  curves  obtained  by  increasing  the  dielectric 
constant  to  4.0  are  shown  in  Fig.  4-12.  The  lower,  primary  resonance 
frequencies  are  now  aligned  quite  well  at  5.5  GHz,  although  the  dip 
in  (he  resonance  curve  for  60°  H-plane  incidence  shows  a calculated 
loss  of  0.6  dB.  The  60°  H-plane  curve  now  shows  a dielectric  forced 
resonance  at  8.3  GHz,  as  does  the  30y  H-plane  curve  at  11.4  GHz.  The 
maximum  ratio  of  the  4 dB  bandwidths  is  again  approximately  2:1. 
Measured  transmission  curyes  for  the  geometry  corresponding  to  Fig. 
4-12  are  shown  in  Fig.  4-13.  The  agreement  is  good.  Tne  stable 
resonance  frequency  is  confirmed,  as  is  the  reduction  in  the  variation 
of  bandwidth  with  incidence  angle.  The  measured  dielectric  forced 
resonances  are  lossy  due  to  the  finite  size  of  the  measured  panel 
(approximately  8"  x 10").  An  important  point  is  that  the  lowering  of 
the  frequency  of  the  Wood's  anomaly  (surface  wave)  null,  which  wa s 
predicted  by  the  theory  to  take  place  when  the  panel  was  coated  with 
dielectric,  has  been  confirmed  by  the  measurements.  This  phenomenon 
will  be  discussed  in  more  detail  in  the  next  section. 

Figure  4-14  shows  calculated  transmission  curves  for  the  same 
slot  geometry  with  zr  still  4.0  but  with  the  dielectric  only  half  as 
thick.  Note  that  the  60°  H-plane  bandwidth  has  narrowed  considerably 
compared  with  the  results  of  Fig.  4-12.  The  thinner  dielectric  is 
not  able  to  cause  the  increase  of  the  H-plane  bandwidth,  which  seems 
to  indicate  that  the  thicker  layer  is  required  in  order  to  obtain 
the  bandwidths  nearly  independent  of  incidence  angle  which  were 
evident  in  Fig.  4-12,  Measured  curves  corresponding  to  the  calculated 
curves  of  Fig.  4-14  are  shown  in  Fig.  4-15,  Again  the  agreement  is 
good.  The  stable  fundamental  resonance  frequencies  are  confirmed, 
as  are  the  frequencies  and  general  shapes  of  the  dielectric  forced 
resonances.  The  measured  loss  at  the  funamental  resonance  is 
primarily  due  to  imperfections  in  the  array  and  to  experimental  error. 
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D.  Dielectric  Layers  and  Wood's  Anomaly 

In  the  previous  section  of  this  chapter  calculated  and  measured 
transmission  coefficient  curves  were  presented  which  showed  that  the 
frequency  of  the  Wood's  anomaly  transmission  null  was  decreased  with 
the  increase  in  the  thickness  of  the  dielectric  layers  surrounding  the 
resonant  slot  array.  In  this  section  we  will  show  how  this  frequency 
reduction  can  be  quite  simply  determined  without  recourse  to  the 
computer.  Also  an  explanation  of  how  the  dielectric  layer  affects  the 
Word's  anomaly  nulls,  the  grating  lobe  onset,  and  the  forced 
resonances  will  be  presented. 

The  term  Wood's  anomaly  has  been  used  here  to  denote  a null  in 
the  transmission  coefficient  of  a slot  array  which,  for  the  free 
space  case,  is  associated  with  the  onset  of  one  or  more  propagating 
grating  lobes.  Several  of  these  nulls  are  indicated  in  Fig.  4-4.  For 
an  array  of  small  slots  in  free  space  the  Wood’s  anomaly  will  occur 
just  below  the  frequency  at  which  the  grating  lobe  starts  to  propagate 
1 in  real  space,  which  for  normal  incidence  on  a rectangular  grid  array 

will  first  occur  when  the  separation  between  adjacent  slots  is  one 
wavelength.  The  phenomenon  was  investigated  by  R.W.  Wood  [47]  who  was 
concerned  with  explaining  certain  anomalous  dark  bands  in  spectra  pro- 
duced by  optical  gratings.  He  found  that  these  transmission  nulls 
were  due  to  destructive  interference  along  the  plane  of  the  grating 
which  occurred  when  the  spacing  between  adjacent  lines  was  an  integral 
multiple  of  one  wavelength  (normal  incidence).  We  are  concerned  here 
with  the  same  phenomenon. 

Much  research  into  this  phenomenon  has  been  done  in  the  analysis 
of  phased  arrays.  In  the  phased  array  literature  the  phenomenon  is 
known  by  the  name  of  blind  angle,  although  the  same  term  is  also  used 
to  denote  transmission  nulls  due  to  other  causes.  We  will  hereafter 
denote  the  Wood's  anomaly  phenomenon  by  the  term  "surface  wave  null", 
since,  as  we  shall  show,  the  null  is  caused  by  the  presence  of  a 

surface  wave  field  on  the  surface  of  the  panel. 

While  the  presence  of  a dielectric  layer  will  lower  the  frequency 
of  this  surface  wave  null  it  will  not  affect  the  frequency  at  which 
the  grating  lobes  come  into  real  space,  i.e.,  become  propagating. 

This  can  be  seen  quite  easily  by  examining  the  Floquet  modes  of 
Chapter  III.  However,  a more  physical  explanation  of  this  fact  can 
be  made.  In  Fig.  4-16  the  geometry  for  a plane  wave  incident  on  an 
array  of  thin  slots  covered  with  dielectric  is  shown.  The  plane  wave 
* is  incident  at  an  angle  6-j.  Due  to  refraction  the  incidence  angle 

: inside  the  dielectric  becomes  0r,  and  from  Snell's  law  we  have 


(4-24) 
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Figure  4-16. — Section  of  a dielectric  covered  slot  array 
with  a propagating  grating  lobe. 


In  free  space  the  grating  would  start  to  propagate  as  soon  as  the 
electrical  spacing  between  adjacent  elements  became  2n  radians.  How- 
ever, with  the  dielectric  layer  present  the  grating  lobe  will  not  be 
able  to  propagate  until  eg,  the  angle  of  the  grating  lobe  direction 
in  the  dielectric  media,  fs  less  than  ec,  the  critical  angle  for  the 
dielectric  material.  The  critical  angle  ec  is  given  by 

(4-25)  sin9c  = . 


Thus  at  the  onset  of  the  propagating  grating  lobe  6C  = 6 , and 
(4-26)  dx  sin9r  + d^  sine^  = 2tt  . 

Now  if  we  apply  Eqs . (4-24)  and  (4-25)  and  note  that  K-j  = K0/e-]/eQ, 
Eq.  (4-26)  readi ly  reduces  to 

(4-27)  K d (1+sine.)  = 2tt 
ox  1 

which  is  the  same  equation  which  is  obtained  for  the  free  space  case 


Thus  the  presence  of  the  dielectric  layer  does  not  alter  the  fre- 
quency at  which  the  grating  lobes  begin  to  propagate. 

By  use  of  Snell's  law  it  is  quite  easy  to  show  that  the  relative 
phase  of  the  incident  wave  at  adjacent  slots  is  not  affected  by  the 
presence  of  the  dielectric,  i.e.,  that  ^ = vr.  The  presence  of  the 
dielectric  will,  however,  affect  the  propagation  between  the  slots. 

We  denote  the  propagation  constant  between  the  slots  as  K^.  It  is 
evident  that  the  surface  wave  null  will  occur  when  the  electrical 
spacing  between  adjacent  slots  is  2ir  radians,  so  that  for  the  Wood's 
anomaly  condition  we  have 

(4-28)  K]  dx  sinef  f Kw  dx  = 2* 

or,  again  applying  Eq.  (4-24) 

(4-29)  Kq  dx(sine.  + Kw/Kq)  = 2n  . 

For  Kw-K0  we  have  the  free  space  Wood's  anomaly  null  condition. 

As  the  dielectric  layer  increases  in  thickness,  Kv,  will  increase 
towards  its  limiting  factor  of  K] . This  is  illustrated  by  the  curve 
shown  in  Fig.  4-17.  The  points  were  calculated  using  the  modal 
analysis  method.  The  panel  geometry  is  the  same  as  for  Fig.  4-5,  and 
again  242  Floquet  modes  and  4 slot  modes  (f=l  ,3,5,7;  g=0)  were  used. 

The  K^/Kq  values  were  obtained  by  calculating  the  6=60°  transmission 
curve  for  the  various  dielectric  thicknesses,  and  determining  the 
Wood's  anomaly  frequency  for  that  thickness.  Once  this  frequency  is 
known  the  value  of  Kw/K0  is  easily  determined  from  Eq.  (4-29). 

These  same  Kw/Kq  values,  and  thus  the  surface  wave  null  frequency, 
can  also  be  obtained  by  using  only  one  Floquet  mode.  The  method  is 
based  on  the  fact  that,  for  the  free  space  case,  the  Wood’s  anomaly 
null  occurs  when  the  Floquet  modal  impedance  n£q  of  the  mode 
describing  the  incipient  grating  lobe  is  equal  to  zero.  The  grating 
lobe  will  become  propagating  when  the  modal  impedance  changes  from 
an  imaginary  to  a real  number.  For  the  nT  modal  impedance  (free 
space)  these  two  phenomena  happen  at  almost  the  same  frequency  since 
i»r  oasses  throuqh  zero  as  it  changes  from  an  imaginary  to  a real 
Entity. 

r(l) 

Now  wi th  a dielectric  layer  present,  the  modal  impedance  Z™  of 
any  Floquet  mode  evaluated  at  the  panel  surface  is  given  by  trans- 
mission line  theory  as 


(3-45) 
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If  we  evaluate  this  Z ^ modal  impedance  for  the  Roquet  mode 
describing  the  incipient  grating  lobe  (for  the  case  illustrated  in 
Fig.  4-17  this  is  the  p=0,  q=-l  , r=2  mode)  we  find  that  the  frequency 
at  which  is  equal  to  zero  corresponds  to  the  frequency  of  the 

surface  wave  null  as  calculated  using  the  modal  solution.  The  curve 
of  K../K  vs.  dielectric  thickness  shown  in  Fiq.  4-17  can  be  obtained 
by  setting  the  left  side  of  Ec.  (3-45),  i.e.,  , equal  to  zero 

and  solving  the  resulting  transcendental  equation  to  obtain  the 
surface  wave  null  frequency.  Thus  a very  simple  calculation  can  de- 
termine tiie  surface  wave  null  frequency  in  the  presence  of  a dielectric 
layer.  If  several  dielectric  layers  of  different  thicknesses  and 
perrrii  ttivi  ties  were  present  the  expression  for  Z ' ; of  Eq.  (3-45) 

p q 

could  be  extended  quite  easily  to  include  their  effects. 


r(l) 

Now  a frequency  where  some  particular1  Z ^ ' is  equal  to  zero 
will  not  necessarily  be  a frequency  where  a surface  wave  null  occurs. 
For  example,  the  element  pattern  may  be  such  that  the  Floquet  mode 

r( l ) 

with  the  zero  value  of  Z ' ' 

PQ 

(4-19),  consider  the  factors 


is  not  excited.  Referring  back  to  Eq , 
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Now  at  a particular  frequency  where  Z^  ' is  zero,  this  will  be  the 
dominating  term  in  the  system  of  equations  unless  one  of  the  integrals 
is  also  equal  to  zero  for  all  e^.  modes.  This  would  occur  if  the 
element  pattern  of  the  slot  is  such  that  the  pqr  Floquet  mode  is  not 
excited,  i.e.,  there  is  a null  in  the  element  pattern  in  the  direction 
of  propagation  of  that  Floquet  mode. 


rf  ] ) 

Since  this  Z ^ ' modal  impedance  is  so  important,  let  us  briefly 

discuss  its  behavior  as  a function  of  frequency  and  dielectric 

thickness.  We  will  here  be  speaking  of  the  r-2  Floquet  modes  in 

particular,  but  the  behavior  we  describe  will  applv  to  all  of  the 

rn ) 

Zpo'  ' impedances  with  suitable  changes  in  sign. 
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First,  if  there  is  no  dielectric  layer  present  lr  = nr  , the 

pq  pq 

free  space  modal  impedance.  For  frequencies  well  below  tne  onset  of 
the  propagating  free  space  grating  lobe  np^  will  be  a large  negative 
imaginary  quantity.  As  the  frequency  is  increased  the  value  of  n£ 

(ar.d  thus  Zp^  for  no  dielectric)  moves  monotonically  upward  along 
the  imaginary  axis  toward  zero.  When  it  reaches  zero  the  free  space 
Wood's  anomaly  null  occurs,  and  for  higher  frequencies  moves 

slowly  outward  along  the  positive  real  axis  and  the  pqr  Floquet  mode 
now  describes  a propagating  grating  lobe. 

r fl ) 

Let  us  now  examine  the  behavior  of  Z (Eq.  (3-45))  with  a 

P Q 

thin  dielectric  layer  present.  For  frequencies  well  below  the  fre- 
r rfl ) rfl  ) 

auencies  where  n and  n become  real  Z v ' is  neqati ve  imaginary. 

pq  pq  pq 

As  the  frequency  is  increased  Zpp  moves  slowly  up  along  the 

imaginary  axis  toward  zero,  but  without  reaching  zero,  until  the 

rfl)  ' 

frequency  where  (the  Floquet  mode  impedance  in  the  dielectric 

layer)  becomes  real  is  reached.  Zp(^  then  moves  more  rapidly  up 

along  the  imaginary  axis,  passes  through  zero,  and  keeps  increasing 

along  the  positive  imaginary  axis  until  n*'  changes  to  a real  quantity, 
r(l)  pq 

at  which  point  Zpp  1 becomes  complex  with  a positive  rea , >art  and 
the  grating  lobe  now  propagates  in  real  space.  As  the  frequency  is 
further  increased  the  real  part  of  Zpp  increases  while  the  imaginary 
part  slowly  decreases  to  an  insignificant  value. 


Now  for  a thick  dielectric  layer  the  behavior  of  Zri‘)  in  the 

r(l)  r pp 

range  of  frequencies  where  n is  real  while  n „ is  still  imaginary 

pq  rni  pq  s J 

deserves  further  discussion.  Z ' moves  more  rapidly  up  the 

MM  jr. 

imaginary  axis,  and  continues  upward  until  ppq  becomes  real.  However, 
if  the  dielectric  layer  is  thick  enough  Z£^'  may,  as  the  frequency 
is  increased,  move  upward  along  the  imaginary  axis,  pass  through  zero, 
continue  to  move  upward  along  the  imaginary  axis  high  enough  to 
cause  a forced  dielectric  resonance  (i.e.,  a max  in  the  transmission 
coefficient),  continue  upward  through  +/«,  start  upward  again  from 
-j”,  pass  through  zero  again  causing  another  surface  wave  null  etc,. 
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until  finally  becomes  real.  Thus  between  two  closely  spaced 
frequencies,  i.e.,  between  where  n^1^  and  n*'  become  real,  respec- 


tively, the  transmission  coefficient  may  rapidly  change  from  null 
to  peak  to  null  again  due  to  the  rapid  changes  in  the  zj^  modal 
impedance  for  that  particular  Floquet  mode. 


The  nature  of  the  fields  which  exist  on  the  panel  surface  at  the 
surface  wave  null  frequency  will  now  be  investigated.  Previous  j \ 

investigations  of  nulls  which  occurred  in  the  transmission  coef- 
ficient for  waveguide  simulations  of  resonant  slot  arrays  had  been 
shown  to  be  surface  waves  by  Munk  and  Luebbers  [4],  Also,  research 
into  phased  array  blind  angles  have  led  to  the  conclusion  that  there 
are  driven  surface  wave  fields  at  the  frequency  where  the  blind  angle 

occurs.  Munk  has  suggested  [48]  that  at  the  surface  wave  null 
r f M 

frequency  (where  Z ^ ' of  Eq.  (3-45)  is  zero)  Eq.  (3-45)  ’s  equivalent 
to  the  characteristic  equation  for  a surface  guided  wave  [49].  We 
shall  now  show  that  this  is  indeed  the  case,  and  thus  justify  our 
nomenclature  cf  "surface  wave"  null. 

Let  us  reconsider  the  specific  case  just  investigated,  the  p=0, 
q=-l  , r=2  Floquet  mode  with  F.-plane  incidence  (<J>=90°).  Referring 
to  Eqs . (3-7),  (3-11),  (3-13),  and  (3-15)  we  see  that  this  mode  is  TM 
to  the  y axis,  and  that  at  the  onset  of  the  grating  lobe  the  propa- 
gation is  in  the  y direction.  We  now  suggest  that  at  the  surface  wave 
null  frequency  this  free  space  mode  together  with  its  counterpart 
inside  the  dielectric  describe  a TM^  surface  guided  wave  propagating 
i n the  y di recti  on. 

Referring  to  Harrington  [49]  we  find  that  if  we  adjust  his 
coordinate  system  and  dimensions  so  that  they  agree  with  our  own, 
his  characteristic  equation  for  the  propagation  constant  for  the 
odd  TM  surface  guided  wave  mode  traveling  in  the  y direction  [Eq. 

(4-56)  of  Harrington]  can  be  written  as 
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f-,-30)  tlN  K^-(Ky)2  tar^K2-^)’^)  = 


Now  we  note  that  this  surface  wave  cannot  exist  on  our  structure 
unless  it  satisfies  the  Flo;  et  conditions.  However,  this  can  be 
quite  simply  enforced  for  this  case  (p-0,  q=-l , 4. =90 0 ) by  letting 
Ky  = V , where  V has  beer  defined  in  Eq.  (3-8).  Eq.  (4-30)  now 
becomes 


(4-31) 
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where  the  common  factor  t^  has  been  eliminated.  Referring  tc 
Eq.  (3-11),  we  reco(;  n-*  ze  that  Eq . v4-31  ) can  be  written  as 


V 

If  we  now  substitute  for  y 

pq 

obtai  n 


and  y 


pq  * 

us  i ng  Eq . 


(3-17),  we  readily 
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which,  with  slight  simplification,  can  be  written  as 
(4-34)  11  ^ + J n^1}  tan  (ir^t)  = 0. 

Comparing  Eq . (4-34)  with  Eq.  (3-45)  we  see  that  if  the  characteristic 

r(l ) 

equation  for  the  surface  wave  is  satisfied  then  Z for  the  Floquet 

pq 

mode  corresponding  to  that  surface  wave  will  be  zero.  Thus  a propa- 
gating surface  wave  which  satisfies  the  Floquet  condition  coincides 
in  frequency  with  a null  in  the  transmission  coefficient,  justifying 
our  term  "surface  wave  null".  In  addition,  the  curve  of  Fig.  4-17 
can  be  obtained  by  imposing  the  Floquet  conditions  on  the  character- 
istic equation  for  a surface  wave  and  then  solving  for  the  frequency 
which  satisfies  the  equation. 
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E. 


The  Brick  Array  and  Wood's  Anomaly 


As  mentioned  previously,  the  behavior  and  field  structure  of 
resonant  slot  arrays  and  phased  array  antennas  are  quite  similar 
in  many  respects.  Thus  the  discoveries  made  in  one  area  may  be 
applicable  to  the  other.  Some  unusual  properties  of  the  "brick 
array"  phased  array  antenna  are  here  shown  to  carry  over  t.o  the 
correspond i ng  resonant  slot  array.  While  this  type  of  slot  array 
does  not  have  the  narrow  band  properties  desirable  from  many  appli- 
cations, a knowledge  of  the  phenomenon  that  it  illustrates  would  be 
important  to  the  design  of  wide  bandwidth  resonant  slot  arrays. 

The  term  brick  array  denotes  an  interlaced  array  of  large 
rectangular  slots  spaced  closely  together.  The  appearance  of  S"ch 
an  array  brings  to  mind  a brick  wall,  as  is  evident  from  the  insert 
in  Fig.  4-18.  Farrel  and  Kuhn  [50]  reported  some  interesting  results 
for  a phased  array  antenna  of  this  type.  Their  antenna  was  not 
covered  with  a dielectric  layer,  so  that  the  grating  lobe  diagram 
of  Chapter  III  should  have  quite  accurately  predicted  the  Wood's 
anomaly  null  frequency  (i.e.,  the  blind  angle)  for  the  array.  Yet  they 
presented  both  calculated  and  measured  data  which  clearly  showed 
the  blind  angle  occurring  at  a scan  angle  well  inside  that  predicted 
by  the  grating  lobe  diagram.  This  would  correspond  in  a resonant 
slot  array  to  a reduction  in  the  frequency  of  the  Wood's  anomaly 
null.  In  the  previous  sections  of  this  chapter  we  have  shown  that 
such  a reduction  could  be  caused  by  the  presence  of  a dielectric  layer. 
However,  a reduction  of  the  Wood's  anomaly  (i.e.,  transmission  null) 
frequency  for  a periodic  slot  array  due  to  the  slot  shape  or 
lattice  arrangement  had  not  to  our  knowledge  been  reported. 

In  order  to  investigate  this  phenomenon  several  sets  of  plane 
wave  transmission  curves  were  calculated  for  a slot  array  corres- 
ponding to  the  phased  array  geometry  of  Farrel  and  Kuhn.  In  order 
to  eliminate  possible  thickness  effects  the  modal  solution  for  an 
infinitesimally  thin  panel,  which  is  given  in  the  following  chapter, 
was  used  to  calculate  the  curves  in  this  section.  All  of  the  curves 
were  calculated  using  50  Floquet  modes  (p  and  q range  from  -2  to  +2, 
r-1 ,2) . The  curves  shown  in  Fig.  4-18  were  calculated  using  only  1 
slot  mode  (f=l,  g=0).  The  curves  are  for  various  incidence  angles 
in  the  H-plane,  and  show  the  usual  reduction  with  incidence  angle 
for  the  resonance  frequency  and  the  frequency  of  the  Wood's  anomaly 
transmission  null.  The  grating  lobe  diagram  yields  the  following 
frequencies  at  which  grating  lobes  become  propagating:  e = l°,  13.86 
and  14.21  GHz;  6=30°,  10.88  GHz;  0=60°,  10.01  GHz.  It  is  evident 
from  the  curves  of  Fig.  4-18  that  the  Wood's  anomaly  transmission  nulls 
occur  at  the  frequencies  of  grating  lobe  onsets  for  the  various 
incidence  angles.  This  is  what  is  expected  for  a periodic  array  with 
no  dielectric  present. 
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Now  let  us  observe  the  curves  of  Fig.  4-19.  These  transmi ssion 
curves  were  calculated  under  the  same  conditions  as  those  in  Fig. 

4-13  except  that  3 inodes  (f=l,2,3;  g=0 ) instead  of  one  were  used  to 
describe  the  fields  in  the  slots.  Note  that  for  all  three  incidence 
angles  the  transmission  null  has  been  moved  downward  in  frequency. 

This  shift  is  similar  to  that  observed  for  the  dielectric  coated  slot 
arrays  in  the  previous  sections  of  this  chapter.  There  is  no  die- 
lectric present  in  this  case,  so  that  this  shift  is  due  to  some  other 
phenomenon,  which  requires  higher  order  modes  in  the  slot. 

Stark,  in  a paper  [SI]  which  is  partly  concerned  with  explaining 
the  previously  noted  results  of  Farrel  and  Kuhn,  concludes  that  two 
slot  modes  are  required  to  calculate  the  correct  blind  angle  value 
for  the  "brick  array".  This  agrees  with  our  results  and  strongly 
suggests  that  the  phased  array  and  the  resonant  slot  array  nulls 
are  due  to  the  same  phenomenon.  Stark  investigated  several 
geometries  and  found  that  the  shift  of  the  null  was  strongly  depend- 
ent. on  the  lattice  spacing.  Fie  also  found  that  the  shift  was  not 
observed  for  arrays  of  slots  arranged  in  a rectangular  grid  rather 
than  an  interlaced  grid  and  scanned  in  the  H-plane.  Me  performed 
calculations  for  an  array  identical  to  that  of  figs.  4-18  and  4-19 
except  that  the  slot  width  b was  reduced  from  1.2  cm  to  0.3  cm.  Mo 
change  in  the  null  frequency  was  observed. 

The  physical  explanation  of  why  the  transmission  null  shifts 
downward  in  frequency  may  be  as  follows  [48]:  It  is  known  that  if 

the  slots  in  an  array  are  such  that  two  different  slot  modes  are 
present  which  resonate  at  separate  but  closely  spaced  frequencies  the 
resu1 t will  be  a null  in  the  array  transmission  coefficient.  This 
null  will  be  at  a frequency  between  the  two  frequencies  where  the  in- 
dividual modes  resonate  [16].  Examining  the  calculated  data  for  the 
60°  H-plane  curves  of  Fig.  4-19  we  find  that  indeed  two  slot  modi:';  are 
strongly  excited,  the  f=l  g=0  mode  ( TE  q q ) at  approximately  b M ‘z  , 
and  the  f-2  g=0  inode  (TE20)  at  approximately  10  GHz.  Thus  the  7 Cliz 
null  in  trie  60°  H-plane  curve  of  Fig.  4-19  can  he  expl mined  as  due  to 
the  destructive  interference  ol  the  two  resonant,  slot  modes , while 
the  absence  of  the  Wood's  anomaly  null  at  10  GHz  is  then  due  to  a 
zero  in  the  2-mode  element  pattern  in  a direction  such  os  to  prevent 
the  sudden  excitation  of  the  grating  lobe.  The  grating  In1-.:  dots 
begin  to  propagate  at  this  frequency,  however",  causing  the  slope 
discontinuity  evident  at  lw  GHz. 

Before  leaving  this  topic  there  i-  anni ir.i  interesting  phenomenon 
evident  in  the  l > Mii.n-i  •.  inn  u-  c-l  i i j.  4-19  which  deserves  explan- 
ation. This  ij  ill1'  p'.i’.ii'(i  <•:  Hi,.-  abrupt  changes  in  slope  which 
occur  at  approx ima tel y 1 j.2  cHz  tor  u:;30°,  and  at  10.6  GHz  for  v-bO‘. 
These  discontinuities  are  due  to  the  onset  of  a different,  grating 
lobe  than  is  responsible  for  the  Wood's  anomaly  nulls.  The  grating 
lobe  responsible  for  these  discontinuities  begin-,  to  propagate  in  the 
0-90"  , Or-0  (J 1 n*i  l.i  on  . Thus  Ice  eleiiii'ii  I p'ltti'rn  p rev  ei  1 1 s tin..*  onset 
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of  this  grating  lobe  from  causing  a Wood's  anomaly  null.  Its  sudden 
emergence  into  real  space  does,  however,  cause  these  discontinuities 
in  the  transmission  coefficient  which  are  evident  in  Fig.  4-19. 

The  discontinuity  in  the  e = l°  curve  at  13.3  GHz  is  caused  by  the 
same  process  but  the  grating  lobe  in  this  case  is  not  one  which 
propagates  in  the  3=90°,  <f.=0°  direction.  In  this  case  the  grating 
lobe  in  question  is  associated  with  one  of  the  nulls  evident  in  the 
6=1°  curve  of  Fig.  4-18. 

F.  Thick  Slots  Filled  With  Dielectric 

Most  of  the  work  done  on  resonant  slot  arrays  has  been  performed 
on  thin  arrays  where  the  panel  thickness  t is  approximately  0,01 
inches  or  less.  This  is  due  to  several  reasons.  One  reason  is  that, 
as  discussed  in  Chapter  II,  Babinet's  principle  dees  not  give  good 
results  for  arrays  much  thicker  than  .001 t.  (You  will  recall  that  in 
order  to  use  the  mutual  impedance  method  to  calculate  transmission 
through  a slot  array  one  must  apply  Babinet's  Principle.)  Another 
reason  is  that  thick  arrays  of  slots  are  difficult  to  make,  and  this 
difficulty  is  increased  when  loaded  slots  rather  than  rectangular 
slots  are  used.  Thick  slot  arrays  are  desirable,  however,  for  appli- 
cations where  mechanical  strength  is  required.  Thus  it  seemed 
desirable,  in  order  to  simplify  the  construction  problems  as  much 
as  possible,  to  design  a thick  array  of  rectangular  slots  which  would 
have  both  mechanical  strength  and  good  electrical  properties. 

As  mentioned  several  times  previously,  the  usual  shortcoming 
of  arrays  of  rectangular  slots  is  that  their  resonance  frequency 
shifts  with  incidence  angle.  This  shortcoming  can  be  eliminated  by 
using  slots  loaded  with  th*  Babinet  complement  of  a short  circuited 
transmission  line.  As  an  alternative  to  this , i t was  felt  that 
perhaps  the  same  good  qualities  of  the  transmission  line  loaded  slot 
could  be  obtained  from  a thick  rectangular  slot  if  it  were  tilled  with 
a high)  permittivity  dielectric.  This  should  load  the  slot  much  as  a 
transmission  line  does,  in  that  the  resonance  frequency  of  the  slot 
would  be  reduced  and  its  bandwidth  would  narrow. 

After  investigating  many  different  geometries  and  dielectric 
constants  using  the  modal  solution  computer  program,  the  geometry 
shown  in  the  insert  of  Fig.  4-20  was  found  to  have  a stable  resonance 
frequency  with  incidence  angle,  as  shown  by  the  transmission  curves. 
Note  that  the  incidence  angles  range  to  80°  in  both  the  F-  and  H- 
planes,  which  represents  a very  severe  stability  test.  Iri  a previous 
section  of  this  chapter  another  technique  for  stabilizing  the 
resonant  frequency  of  an  array  of  rectangular  slots  was  shown.  This 
method  required  the  array  to  be  covered  on  both  sides  with  a layer  of 
dielectric,  which  eliminates  it  from  applications  which  require  the 
metallic  panel  surface  to  bo  exposed.  The  present  technique  does 
not  require  these  external  dielectric  layers  in  order  to  achieve  fre- 
quency stability  with  incidence  angle. 
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Several  attempts  were  made  to  fabricate  a panel  with  the  dimen- 
sions of  Fig.  4-20  by  means  of  chemical  etching.  The  slots  were  then 
filled  with  Emerson  and  Cumming  Stycast  35DA,  a casting  resin  with 
er=5.0.  These  panels  showed  good  angle  of  incidence  stability  but 
considerable  loss  at  resonance.  A typical  set  of  measured  trans- 
mission curves  for  such  a panel  is  shown  in  Fig.  4-21.  Examination 
of  these  thick,  chemically  milled  panels  showed  considerably 
nonuniformity  in  the  size  and  shape  of  slots.  Another  panel  was 
made  using  the  electrical  discharge  machining  process.  This  panel 
appeared  to  be  much  more  uniform  than  the  ones  made  using  chemical 
milling.  The  slots  in  this  panel  were  also  filled  with  the  Emerson 
and  Cumming  Stycast  35DA,  and  the  resulting  measured  transmission 
curves  are  shown  in  Fig.  4-22.  Note  that  the  transmission  loss  at 
resonance  has  been  drastically  reduced,  but  that  the  resonance 
frequencies  still  shift  slightly  with  incidence  angle  in  the  E-plane. 
This  shift  is  related  to  the  fact  that  the  measured  panel  resonates 
at  10.2  GHz  whereas  the  calculations  show  the  resonance  at  9.2  GHz. 
Since  the  E-plane  Wood's  anomaly  occurs  at  10.7  GHz  and  10.1  GHz  for 
60°  E-  and  80°  E-plane  incidence,  respectively,  it  is  evident  that 
the  E-plane  shift  is  caused  by  the  nearness  of  Wood's  anomaly  to  the 
resonant  frequency.  Thus  if  the  measured  panel  had  resonated  at  the 
design  frequency  of  9.1  GHz  the  resonance  frequencies  would  have  been 
stable  with  incidence  angle  for  E-plane  as  well  as  H-plane  incidence. 

The  most  likely  explanation  for  measured  resonance  being  at  10.2 
GHz  rather  than  at  9.2  GHz  is  that  the  relative  dielectric  constant 
of  the  casting  resin  was  less  than  5.0.  This  would  not  be  too 
surprising,  since  10  GHz  is  the  upper  limit  of  the  applicability 
of  this  material . 

Thus,  the  measured  curves  obtained,  although  not  in  perfect 
agreement  with  the  calculations,  indicate  that  the  concept  of  ob- 
taining a stable  resonance  frequency  by  filling  thick  rectangular 
slots  with  a dielectric  material  is  sound.  The  resonance  frequencies 
were  perfectly  aligned  for  H-plane  scan  angles,  and  the  shift  for 
the  E-plane  scan  angles  was  due  to  the  nearness  of  the  Wood's 
anomaly  null  to  the  resonance  frequency. 

If  the  metallic  surface  was  not  required  to  be  exposed,  this 
design  could  be  further  improved  by  coating  the  array  on  both  sides 
with  a dielectric  layer  to  reduce  the  change  of  bandwidth  with  inci- 
dence angle,  as  discussed  in  Section  C of  this  chapter.  An  example 
of  this  is  shown  in  Fig.  4-23,  where  the  thick  array  of  figs.  4-20  to 
4-22  has  been  coated  on  both  sides  with  a dielectric  of  er=l,5, 

.635  cm  thick.  The  change  of  bandwidth  with  incidence  angle  is  con- 
siderably less  than  for  the  uncoated  array  of  Fig.  4-20. 


trie  design  of  Fig.  <5-20.  The  slots  were  etched  in  a 0,1  truck  aluminum  pane 
and  filled  with  Emerson  and  Gumming  Stycast  35DA  (er=5). 
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Thickness  - Dielectric  Interactions 


G. 


In  the  previous  section  measured  and  calculated  results  for  a 
particular  thick  panel  design  were  presented.  In  this  section  we 
shall  present  calculated  transn.i ssicn  curves  which  illustrate  the 
effects  of  panel  thickness  on  various  panel  and  dielectric  geometries. 
We  are  concerned  primarily  with  the  bandwidth  and  resonance  frequency 
of  the  transmission  curve,  so  that  only  the  normal  incidence  results 
will  be  shown. 

The  basic  geometry  of  the  panels  considered  will  be  the  same  as 
for  the  panel  of  Fig.  4-5.  However,  the  thickness  i of  the  panel  will 
now  be  varied  from  .015  cm  to  .254  cm.  For  these  various  thicknesses 
three  different  dielectric  configurations  will  be  studied  for  their 
effects:  1)  no  dielectric,  2)  dielectric  in  slot  only,  and 

3)  dielectric  in  slot  and  in  a .159  cm  (1/16")  layer  on  each  side  of 
the  panel.  The  dielectric  is  lossless  with  er=4.0.  In  all  of  the 
following  calculated  curves  242  Floquet  modes  (Pmax=qm  = 5)  dnd  four 
rectangular  slot  modes  (the  modes  f =1 ,3,5,7;  g=0)  wereaftsed.  While 
only  rectangular  slots  are  considered,  resonant  windows  with  other 
slot  shapes  should  behave  similarly. 

In  Fig.  4-24  we  show  calculated  transmission  coefficient  curves 
for  a resonant  window  with  no  dielectric  present  and  with  the 
thickness  i varying  from  .015  cm  to  .254  cm.  Despite  the  wide  range 
of  thickness,  the  resonance  frequency  has  increased  by  less  than  4%. 
This  agrees  with  the  observation  made  in  Chapter  II  that  the  resonance 
frequency  of  a waveguide  window  is  relatively  uneffected  by  changes  in 
thickness.  The  more  prominent  effect  of  the  changing  thickness  is 
the  change  in  the  transmission  curve  bandwidth.  Increasing  the  thick- 
ness i will  in  general  decrease  the  bandwidth  of  the  resonant  surface. 
This  also  agrees  with  the  observations  made  in  Chapter  II  con- 
cerning waveguide  windows. 

Let  us  now  consider  Fig.  4-25.  For  these  calculations  the  slot 
is  filled  with  a lossless  dielectric  of  relative  permeability  4.0. 

For  this  configuration  the  resonance  frequency  as  well  as  the  band- 
width changes  with  thickness,  as  shown  by  the  various  transmission 
curves  in  the  figure.  This  decrease  in  resonance  frequency  with 
thickness  can  be  explained  by  considering  the  case  of  an  infinitesi- 
mally thin  panel.  For  the  infinitesimally  thin  panel  the  resonance 
frequency  will  not  be  effected  at  all  by  filling  the  slots  with 
dielectric.  One  way  of  seeing  this  is  to  realize  that  this  dielectric 
layer  will  itself  be  infinitesimally  thin  and  thus  can  not  affect  the 
electric  fields  of  the  panel.  Mathematically,  this  statement  can 
be  justified  by  noting  that  the  integral  equation  expressions  for  the 
fields  of  the  thin  panel  formulated  in  the  following  chapter  do  not 
depend  on  the  parameters  of  the  material  filling  the  slot  (except, 
of  course,  for  the  special  case  where  this  material  is  a perfect 
conductor).  As  the  panel  is  made  thicker  the  material  in  the  slot 
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transmission  curves  for  the  same  slot  arrays  of 


becomes  finitely  thick,  and  thus  can  affect  the  fields  of  the  thicker 
panels.  Further,  the  interior  of  the  slots  is  a region  of  relatively 
high  field  strengths,  and  thus  the  dielectric  material  of  the  slot 
will  have  a considerable  effect  on  the  resonant  frequency  even  for 
quite  thin  panels.  Comparing  Figs.  4-24  and  4-25  we  see  that,  even 
for  the  thinnest  panel  considered  the  resonance  frequency  is  reduced 
by  about  10:.  when  the  slot  is  filled  with  dielectric  of  er=4.  As 
the  panel  is  made  thicker  a greater  portion  of  the  panel  fields  are 
within  the  slot,  and  thus  the  resonance  frequency  will  continue  to 
decrease.  A lower  bound  for  this  decrease  is  the  original  resonance 
frequency  divided  by  the  square  root  of  the  relative  dielectric 
constant  of  the  material  filling  the  slot.  This  lower  bound  can  never 
be  reached,  however,  since  this  would  require  that  all  the  space 
around  the  panel  have  rr=4.  This  lower  bound  can,  however,  be 
approached  quite  closely  by  a thick  panel.  The  thickest  panel  con- 
sidered in  Fig.  4-25  is  only  0.1"  thick  and  yet  is  only  1 GHz  away 
from  the  lower  bound,  which  for  the  panel  and  dielectric  considered 
here  is  about  5.6  GHz. 

The  decrease  in  bandwidth  with  increasing  thickness  is  greater 
than  that  for  the  previous,  non-dielectric  case  due  to  the  loading 
effects  of  the  dielectric.  The  relatively  greater  decrease  in  band- 
width is  partially  compensated  by  the  decrease  in  the  electrical 
spacing  between  the  slots,  which  is  a consequence  of  the  decrease 
in  the  resonance  frequency.  (You  will  recall  from  Chapter  I that 
decreasing  the  slot  spacing  increases  the  transmission  bandwidth.) 

Finally,  the  transmission  curves  of  Fig.  4-26  are  for  slotted 
panels  coated  on  both  sides  with  a 1/16"  thick  dielectric  layer,  with 
the  slots  being  filled  with  the  same  dielectric  material.  As  shown 
in  Reference  [4]  and  in  Fig.  4-9  a thin  layer  of  dielectric  will 
lower  the  resonance  frequency  to  nearly  the  lower  bound  of  l//er 
times  the  free  space  resonance.  Thus  we  see  from  the  results  of 
Fig.  4-26  that  for  this  configuration  the  increasing  thickness  does 
not  affect  the  resonance  frequency,  since  this  has  already  been 
lowered  by  the  dielectric  layer.  The  bandwidth,  however,  continues 
to  decrease  with  increasing  thickness. 
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CHAPTER  V 

THIN  LOADED  SLOT  ARRAYS 


In  this  chapter  a moment  method  solution  for  the  reflection  and 
transmission  coefficients  for  an  infinite,  periodic  slot  array  will 
be  derived.  The  result  is  similar  to  that  obtained  by  Chen,  who 
applied  it  to  arrays  of  rectangular  [26]  and  circular  slots  [30].  The 
solution  will  be  extended  here  to  arrays  of  loaded  slots,  using  the 
approximate  mode  sets  presented  in  a previous  chapter  to  describe  the 
electric  fields  in  the  loaded  slots. 

One  might  question  the  need  for  a thin  panel  solution,  thinking 
that  the  same  results  could  be  obtained  by  using  the  thick  panel 
solution  presented  previously  and  making  the  panel  very  thin.  How- 
ever, the  thin  panel  solution  has  two  advantages  over  the  thick  panel 
solution.  The  first  is  that  only  one  system  of  equations  needs  to  be 
solved  for  the  thin  panel  solution,  whereas  with  the  thick  panel 
solution  two  systems  (symmetri c and  antisymmetric)  must  be  solved  to 
obtain  a transmission  coefficient.  The  other  advantage  is  that  the 
dielectric  layers  on  either  side  of  the  panel  need  not  be  identical, 
as  was  the  case  for  the  thick  panel  solution  given  in  Chapter  IV. 

A.  Derivation  of  Moment  Method  Solution 


The  geometry  for  the  periodic  slot  array  is  again  shown  in 
Fig.  5-1.  The  array  may  be  covered  on  one  or  both  sides  by  a 
dielectric  sheet  of  arbitrary  thickness,  perrni  tti  vi  tv , and  permea- 
bility. The  direction  of  the  incident  plane  wave  is  determined  by 
e and  (see  Fig,  3-1),  and  the  complex  amplitudes  of  the  reflected 
and  transmitted  plane  waves  are  desired. 


Using  the  Floquet  modes  of  Eqs.  (3-12)  to  (3-15)  the  incident 
fields  in  the  free  space  region  (i.e.,  external  to  the  dielectric) 
can  be  expressed  as : 


(5-D  r - ? Ar^, 

r=l  al 

2 

(5-2)  H1  = y Arh^ 

r=l  al 

where  the  Ar  are  known  coefficients  which  determine  the  magnitude 
and  polarization  of  the  incident  plane  wave.  If  ve  now  define  the 
quantities 
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we  can,  by  use  of  Eqs . (3-32)  through  (3-35),  and  (3-43),  express  the 
tangential  fields  at  the  front  surface  of  the  panel  as: 


(5-5)  ri  „♦  * T [a^pSl-OFO]^’).  \ ? efO) 

|z'°  r=l  1 al  r=l  i =2  1 a' 


(5-6)  hi  * = I u;-d-pr(i*DFrnKrj'>.  ? 

|z-u  r=l  1 al  r=l  i=2  1 31 


p r 

where  the  p and  a^  are  unknown  modal  coefficients.  The  Floquet 

p 1 — y*  1 

mode  functions  ea1-  and  hai-  are  given  in  Eqs.  (3-49)  and  (3-50),  and 
were  obtained  by  modifying  the  free  space  Floquet  mode  functions  so 
as  to  include  some  of  the  effects  of  the  dielectric  layer.  Mote  that 
the  above  equations  are  identical  to  those  given  in  Chapter  IV,  since 
the  geometries  are  identical  for  the  space  external  to  the  panel 
i tsel f . 


The  tangential  fields  at  the  back  surface  of  the  panel  can  be 
expressed  as: 


(5-7)  ri,  - 5 y bl  r<2) 

I**®  »5|  mil  « »’ 


(5-8) 

"1.-0- 

where 

the  are 

*--]  m=T 


' b " ff 

m ai 


In  urder  tc  determine  t lie  unknown  quantities  we  will  enforce  the 
tangential  field  boundary  conditions  over  the  central  periodic  cell 
f F i g . 3-2).  Due  to  the  periodic  nature  of  the  Floquet  modes,  this 
will  actually  enforce  the  boundary  conditions  over  the  entire  surface 
of  the  array.  The  required  boundary  conditions  are  that  the  tan- 
gential E and  H fields  must  be  continuous  across  the  aperture,  and 
that  the  tangential  L field  must  vanish  at  the  conducting  surface. 


Enforcing  the  electric  field  boundary  condition,  we  equate 
Eqs.  (5-5)  and  ( 5--7 )»  obtaining 
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(5-9) 


i [arVa-DFr>]irj')+  f f ibVp> 

r=l  1 al  r=l  i =2  1 31  4*1  m=l  m 31 


I i n slot  aperture 

^0  on  groundplane 

where  E5  is  the  unknown  tangential  electric  field  in  the  slot 
aperture.  If  we  now  take  a cross  product  with  d2)*  , take  a dot 

* □ I 

product  of  this  result  with  z,  and  apply  the  orthogonality  relation 
of  Eq.  (3-22),  we  obtain 


(5-10)  [afV(l-DFr)]j  ^(’>^(2)*.^  - brj  e^{2> Sds 

3 3 


= f E^i^-zds 


' b b 31 


where  /,  ds  denotes  an  integration  over  the  entire  central  periodic 
cell  ana  Jb  ds  denotes  an  integration  over  the  central  slot  aperture 
only.  The  tangential  E field  boundary  condition  of  zero  on  the  con- 
ducting surface  is  applied  by  making  the  rightmost  integration  in 
Eq.  (5-10)  equal  to  zero  except  over  the  slot  aperture.  Since 

e^j1)  = e^j2^  (3-51)  Eq.  (5-10)  can  be  reduced  to 


(5-11)  a[d  + pr(l-DFr)  = b[  = JbEbxfi^Z)*-zds/j  ^’{2)x^{2)*-zds  . 


If  the  dielectric  layers  were  absent  Eq.  (5-11)  would  simply  state 
that  1+R=T  for  an  infinitesimally  thin  planar  scatterer. 


Multiplying  Eq.  (5-9)  by 
we  simi 1 arly  obtai n 


and  taxing  the  dot  product  with  z 


-12)  ar!  er(1  ^xHr(2^**zds  = br!  er(^xHrl^*-zds  = f E.  xFf" : ^ ^ * zds 


i;,  ai  ai 
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i*  ai  ai 

a 
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!b  b ai 


which  can  easily  be  reduced  to 


(5-13)  a[  = b[  = j Ebxh^2)*-zds/[  lTl2)xtf12)*-zds 


'ai  ai 


The  continuity  of  tangential  H across  the  slot  aperture  is 
now  enforced  by  equating  Eqs . (5-6)  and  (5-8)  over  the  slot  aperture, 
resulting  in 


(5-H,  v [arV(HDFr)]RlO>J  j .ftO)  f J . 

r=  I 


r=l  i =2 


t=l  m=l 


Substituting  for  ar  and  b from  Eq . (5-13)  and  combining  terms 
we  obtain:  1 m 

<*-«> 

- I l rb^!2,/j  C}2)^S2,*-z'is. 

r-1  i =2  31  31  b 31  / 'a  31  31 


Substituting  for  pr  and  bf  from  Eq . (5-11),  Eq.  (5-15)  readily 
becomes 


(5-16)  . f lW0F^ard^(l)tf  iUDQ^l)  ,!b 

r=l  (l-DFr)  1 31  r=l  (l-DFr)  al 


jk  Eb^i(2)*^ds 


j ^{2)xF^|2)*-zds 


r,xFr(2)*-zds 

* f h-<2>.  . f ard  HT<’> 
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In  order  to  simplify  Eq.  (5-16)  we  shall  first  evaluate  the 


0 — —I*  ( 

integral  J e : 

9 9 i 


p^P^'zds.  From  Eqs . (3-12)  to  (3-15),  (3-18), 


(3-19),  (3-51),  and  (3-52)  we  can  write 


(5-17)  f erj2)xKp2)*-zds  = — l 


ai  ai 


XT*  a 


, f U2+V2 

__  j -E-Ja  exp(-/(Upx+Vpqy)) 

x y a pq 


exp(+y(Upx+Vpqy))ds  = — 

pq 


r=l  i =2  (z^77  + Zr(2)]  *pq  * L Eb  X $pq 


v rd  ( -|  t 1+DF*\  1 

) a (1  + -)  -yryy  « 

r=l  1 l-DFr  nnu  00 

oo 


since  the  area  of  the  central  periodic  cell  is  equal  to  dxdy  (see  Fig. 
3-2).  In  addition,  we  can  combine  terms  by  introducing  the 
function  defined  in  Eq . (3-5C).  With  these  changes  Eq.  (5-16)  becomes 


(5-18) 


h ^ ' ;A>  * 'z^J  ' L r» x ’ zds 

— no  no  —> 


i 1 


The  unknown  quantity  in  Eq . (5-18)  is  the  slot  aperture  electric 
field  Fb.  We  can  expand  this  aperture  field  using  the  mode  sets 
presented  in  Chapter  III  as 


(5-19) 


C.  e.  . 
J bj 


where  we  are  using  N modes  to  approximate  the  aperture  field  distri- 
bution. The  proper  set  of  ebj  modes  will  be  chosen  from  those  in 
Chapter  III  depending  on  the  shape  of  the  slot  aperture,  but  th^s  will 
not  affect  the  present  derivation.  Expanding  the  unknown  aperture 
field  thus  1 y will  allow  us  to  use  a moment  method  solution  to  obtain 
the  unknown  aperture  fields.  Since  the  fields  are  expanded  in  modes. 
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this  type  solution  is  often  referred  to  as  modal  matching.  Applying 
Galerkin's  method,  we  substitute  from  Eq.  (5-19)  for  F^,  simultane- 
ously cross  multiply  Eq.  (5-19)  by  e^,  and  take  a dot  product  with 
z,  obtaining 


(5-20) 


2 rrJnrr 
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Equation  (5-20)  is  really  N equations  with  the  N unknowns  being  the 
Cj.  Note  that  Eq.  (5-20)  requires  the  equality  of  integrations  only 
over  the  slot  aperture.  This  agrees  with  the  condition  that  tangen- 
tial H need  be  continuous  only  in  the  slot.  The  Floquet  mode  set 
has  been  truncated  at  2M  terms  so  as  to  allow  a computer  solution 
for  the  unknowns.  Normally  N wi 11  be  quite  small,  i.e.,  usually 
less  than  10  modes  are  required  to  approximate  the  fields  in  the 
slot  aperture  in  order  to  obtain  a valid  result  for  the  transmission 
coefficient.  Ho  viewer,  since  the  slot  makes  up  only  a small  part  of  a 
periodic  cell,  many  more  Floquet  modes  will  be  required  in  order  for 
the  solution  to  converge  [40],  But  even  though  2M  is  quite  large 
compared  with  N,  only  an  NxN  system  of  equations  (vis.  Eq . (5-20)) 
will  need  to  be  solved. 

Once  the  Cj  are  determined  the  value  of  pr  can  be  obtained  by 
combining  Eqs.  X 5- 1 1 ) , (5-17),  and  (5-19)  as 
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The  free  space  modal  reflection  coefficient  Rr  is  then  obtained  from 
pr  by  using  Eq . (3-44).  Similarly,  the  Floquet  mode  coefficients 
for  the  back  side  of  the  panel  are  given  by 
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The  free  space  modal  transmission  coefficient  Tr  is  then  readily 
obtained  by  using  Eq.  (5-22)  to  evaluate  b'j'  and  then  applying  Eq. 
(3-66).  The  specularly  reflected  and  transmitted  plane  waves  in  free 
space  are  then  given  by  Eqs.  (5-1)  and  (5-2)  with  Rr  (-Rr  for  the 
reflected  H field)  or  Tr  substituted  for  Ar. 

This  solution  was  programmed  in  Fortran  IV  for  computer 
evaluation.  The  programming  was  quite  straightforward.  The 
/ beb i x^pq * zc*s  integrals  were  evaluated  in  closed  form,  with  the 
results  given  in  Appendix  B for  the  various  slots  considered  in  Chapter 
III.  Note  that  the  coefficient  matrix  obtained  from  Eq.  (5-20)  is 
Hermitian.  Thus  only  the  upper  triangular  portion  of  the  matrix  needs 
to  be  evaluated.  This  symmetry  results  in  a significant  time  savings 
for  this  method,  since  much  more  computer  time  is  required  to  evaluate 
the  coefficient  matrix  than  is  required  to  solve  the  resulting  system 
of  equations  due  to  the  high  M to  N ratio. 

The  computed  curves  presented  herein  were  checked  for  con- 
vergence, Calculated  results  were  obtained  for  resonant  panels  with 
single  loaded,  4-legged  loaded,  and  3-legged  loaded  slots,  and  will  be 
presented  in  the  remainder  of  this  chapter. 

B.  Single  Loaded  Slots 

The  single  loaded  slot  array  was  developed  by  Munk  [15,25]  in 
order  to  eliminate  an  undesired  shift  of  resonant  frequency  with 
changing  incidence  angle  which  limited  the  usefulness  of  previous 
periodic  surfaces.  These  previous  surfaces  had  either  rectangular 
or  circular  slots,  and  as  discussed  in  Chapter  I their  poor  perform- 
ance limited  their  possible  applications  severely.  Using  an  imped- 
ance method  Munk  calculated  the  transmission  coefficient  curves  shown 
in  Fig.  5-2,  which  are  taken  from  the  above  mentioned  reference. 

Note  that  the  resonant  frequency  is  quite  stable  with  incidence  angle. 

Transmission  coefficient  curves  for  the  same  loaded  slot  array 
were  calcu-ated  by  the  modal  matching  method.  The  e^n  modes  used  to 
describe  the  electric  field  in  the  loaded  slot  are  given  by  Eq.  (3-73) 
with  z=0.  For  this  plane  of  incidence  the  even  ordered  modes  will 
not  be  excited,  and  thus  are  not  included  in  the  calculations.  The 
n suits  are  shown  in  Fig.  5-3.  The  agreement  between  the  two  methods 
is  quite  good,  with  both  methods  predicting  lossless  transmission  for 
arbitrary  incidence  angles  in  the  $=90°  plane  (providing  that  no 
propagating  grating  lobes  exist). 

The  mutual  impedance  method  as  presented  by  Munk  in  Reference 
[3]  was  used  only  to  cal<ulate  transmission  curves  for  incidence 
directions  with  <t>=90°.  However,  measurements  made  at  both  the  Ohio 
State  University  (see  Fig.  5-4)  and  elsewhere  [14,52]  showed  con- 
siderable loss  at  resonance  for  high  incidence  angles  with  4>=0°. 

This  loss  is  due  to  cross  polarized  radiation  from  the  transmission 
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Figure  5-2. --Computed  transmission  coefficient  curves 
using  the  mutual  impedance  method  (flunk 
[3])  for  an  array  of  single  loaded  slots 
for  various  incidence  angles  in  the 
E-plane  ($=90°)  *=*1=0.38  cm. 
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Figure  5- 3. --Computed  transmission  curves  using  the  modal  matching  • j 

solution  for  the  loaded  slot  array  of  Fig,  5-2  for  % 

various  E-plane  incidence  angles.  ; J 


Figure  5-4. --Measured  transmission  curves  showing  the  transmission  loss  at  resonance 
for  an  array  of  loaded  slots  with  H-plane  ($=0°)  incidence. 
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line  load,  and  can  be  explained  qualitatively  as  follows:  The  arrows 

contained  in  the  slot  of  fig.  3-9  illustrate  the  direction  of  the 
electric  field  vector  in  the  slot  for  the  dominant  sinusoidal  inode. 

It  is  evident  that  with  the  incident  F field  polarized  as  shown  any 
cross  polarized  radiation  from  one  side  of  the  transmission  line  load 
(i.e.,  region  lb)  would  be  exactly  canceled  by  radiation  from  the  other 
side  of  the  transmission  line  load  (i.e.,  region  lc),  providing  that 
9 is  equal  to  90c.  However,  for  angles  of  incidence  with  $/90'  the 
cross  polarized  radiation  from  the  opposite  sides  of  the  transmission 
line  would  not  cancel  due  to  the  phase  difference  introduced  by  the 
finite  width  of  the  transmission  lire. 

Using  the  modal  matcnina  method  this  loss  can  be  calculated. 

The  transmission  curves  presented  in  Fig.  5-5  are  calculated  for  the 
array  measured  for  Fig.  5-4,  and  show  good  agreement  with  the  measured 
data.  The  curves  were  calculated  using  374  Floquet.  modes  and  7 modes 
in  the  slot,  with  the  even  ordered  slot  modes  now  included.  Con- 
vergence tests  were  made  in  arriving  at  these  figures,  with  the 
required  high  ratio  of  Floquet  modes  to  slot  modes  evidently  due 
to  the  complex,  non-symmetric  shape  of  the  slot.  Acutally,  even 
with  374  modes  the  solution  nad  not  quite  yet  converged,  and  this  may 
be  partially  responsible  for  the  2.0%  error  in  the  calculated 
resonance  frequency.  The  magnitude  of  the  transmitted  cross  polar- 
ized radition  was  also  measured  and  is  shown  in  Fig.  5-6,  with  the 
corresponding  calculated  curves  in  Fig,  5-7.  These  curves  show  that 
the  magnitude  of  the  cross  polarized  radiation  at  resonance  in- 
creases with  increasing  angle  of  incidence.  This  is  due  to  the  in- 
creasing phase  difference  between  the  two  arms  of  the  transmission 
line  load.  . 

Note  that  while  the  calculations  accurately  predict  the  level  of 
the  cross  polarized  radiation,  the  measured  transmission  loss  is 
somewhat  greater  than  is  calculated  (Figs.  5-4  and  5-5).  This  is 
probably  due  to  copper  losses  and  to  imperfections  in  the  array 
elements . 

1 2 

The  difference  in  impedance  levels  between  the  T00  and  TQ0  trans- 
mission coefficients  must  be  taken  into  account  when  calculating  the 
cross  polarized  transmission  coefficients  and  also  when  checking  for 
conservation  of  energy,  viz. 
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providing  no  grating  lobes  can  propaqate.  While  conservation  of 
energy  is  not  a sufficient  condition  to  assure  accuracy,  it  is  a 
necessary  one. 
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Measured  transmission  of  the  cross  polarized  radiation  for  the  same  loaded  slot 
array  of  Figs.  5-4  and  5-5  for  various  incidence  angles  0 in  the  H-plane  (i>=0°) 


ich  correspon 


This  cross  polarized  radiation  is  undesirable  for  most  appli- 
cations. It  can  be  reduced  by  arranging  singly  loaded  slots  so 
that  the  load  extends  in  opposite  directions  on  alternating  slots, 
thus  canceling  cut  the  cross  polarized  radiation  [14].  Alternatively, 
loaded  slot  elements  can  be  designed  so  that  they  do  not  radiate  a 
significant  cross  polarized  component.  This  method  is  better  for  many 
applications  since  the  resulting  surface  will  transmit  waves  of  arbi- 
trary polarization  without  the  need  to  interlace  two  orthogonal  arrays 
of  single  loaded  slots.  Two  examples  of  this  type  of  slot  element  are 
the  4-legged  and  3-legged  symmetric  loaded  slots  which  will  be  con- 
sidered in  the  remaining  sections  of  this  chapter. 

C . 4- legged  Symmetric  $1 o ts 

The  4-legged  symmetric  loaded  slot  geometry  is  shown  in  Fig. 

5-8.  Due  to  its  symmetry,  resonant  windows  made  with  this  type  of 


Figure  5-8. --Electri  c field  polarities  for  the  n-1  sine  and  cosine 
modes  for  the  4-legged  symmetric  loaded  slot. 


slot  do  not  have  the  large  cross  polarized  transmission  losses 
exhibited  by  arrays  of  singly  loaded  slots.  Also,  this  type  slot 
has  the  advantage,  at  least  for  most  applications,  of  transmitting 
arbitrarily  polarized  waves.  For  a given  slot  width  and  shape,  t!«e 
4-1  egged  element  would  tend  to  be  more  wide  banded  thar.  the  cor- 
responoing  single  loaded  element. 

Tiie  modes  used  to  describe  the  electric  field  in  the  4-1  egged 
loaded  slot' are  given  by  Eq . (3-76)  with  zO.  The  polar1  ty  distri- 
butions of  the  electric  field  for  the  t~i  sine  and  co-i ne  modes  are 
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sketched  in  Fig.  5-8.  With  the  incident  E field  polarized  as  shown 
the  nrl  sine  mode  will  be  the  dominant  mode  in  the  slot.  At  the 
first  resonance  the  calculations  show  that  the  fields  in  the  slot 
will  be  almost  exactly  described  by  this  mode,  since  its  modal 
coefficient  will  be  several  orders  of  magnitude  greater  than  for  any 
other  mode.  Contrarily,  the  n=l  cosine  mode  will  not  be  excited  at 
all  for  incidence  directions  in  the  cardinal  planes  (i.e.,  or 

<$> =90° ) . This  can  be  explained  by  referring  to  Fig.  5-8.  For  inci- 
dence angles  in  the  $=0°  plane  the  coupling  of  the  incident  E field 
with  the  n=l  cosine  mode  in  region  1 of  the  slot  will  be  exactly 
canceled  by  that  from  region  2.  Similarly,  the  coupl  .ng  over  regions 
3 and  4 will  cancel.  For  incidence  angles  in  the  $=90°  plane,  regions 
1 and  3 will  cancel  one  another,  as  will  regions  2 and  4,  Similar 
results  are  obtained  for  all  of  the  other  odd  ordered  cosine  modes. 

Thus  these  odd  ordered  cosine  modes  need  not  be  included  in  the  com- 
puter program  for  cardinal  plane  incidence  angles,  resulting  in  a 
considerable  time  savings.  (Naturally,  including  them  will  not  result 
in  incorrect  results;  the  calculated  modal  coefficients  will  equal  zero 
within  the  limits  of  round-off  error.) 

The  E field  polarities  for  the  n=2  sine  and  cosine  modes  are 
illustrated  in  Fig.  5-9.  Using  similar  arguments  as  before,  it  is 


Figure  5-9  .--Elcctri  (,  field  polarities  for  the  n-2  sine  and  cosine 
modes  for  the  d-legged  symmetric  loaded  slot. 


evident  that  the  sine  mode  will  not  be  excited  for  incidence  angles 
with  <f'-9CT,  while  the  cosine  mode  will  not  bo  excited  for  incidence 
angles  with  <j>=0".  These  n-2  modes  describe  the  fields  in  the  slot 
at  the  second  resonance.  Thus  while  the  same  mode  ( the  ri^l  sine  mode) 
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is  strongly  excited  for  the  first  resonance  for  both  cardinal  inci- 
dence planes,  this  is  not  the  case  for  the  second  resonance.  There, 
which  mode  is  excited  depends  on  the  direction  of  the  incoming  plane 
wave.  Some  applications  for  resonant  windows  require  that  the  second 
resonance  be  as  far  above  the  first  as  possible.  This  knowledge 
about  the  electric  field  distribution  in  the  slots  may  prove  quite 
helpful  in  designing  new  slot  snapes  which  have  the  required  second 
resonance  properties. 

Now  that  the  method  for  eliminating  the  unexcited  slot  modes 
for  the  various  incidence  directions  has  been  discussed,  we  are  ready 
to  present  some  computed  curves  along  with  experimental  verification 
of  those  curves.  The  first  series  of  curves  is  for  the  array  of 
slots  with  the  geometry  shown  in  the  inset  of  Fig.  5-10.  The  slots 
are  in  a square  grid  arrangement  with  1.355  cm  spacing.  The  parameters 
b,  c,  and  d describe  the  slots  themselves  and  are  defined  in  Fig. 

3- 11,  The  actual  pane)  was  made  by  chemically  etching  the  slots  in 
a 0.002"  thick  layer  of  copper  on  a 0.072  cm  thick  dielectric  sub- 
strata with  tr=2.38.  The  effects  of  the  dielectric  layer  are  included 
in  the  mode  matching  solution.  The  effects  of  the  finite  thickness 

cf  the  copper  are  negligible  for  this  thickness  and  frequency.  The 
number  of  Floquet  modes  used  to  calculate  this  series  of  curves  was 
242,  with  p and  q each  ranging  from  -5  to  +5,  and  r equal  to  1 or  2. 

The  number  and  type  of  modes  used  to  describe  the  fields  in  the  slots 
varies  depending  on  the  plane  of  incidence,  and  will  be  given  for 
each  case. 

In  Figs.  5-10  and  5-11  are  calculated  and  measured  curves  for  the 

4- legged  slot  array  for  various  incidence  angles  6 in  the  $-0°  plane 
(see  Fig.  3-1).  The  frequency  range  includes  the  first  resonance 
region.  The  curves  were  calculated  using  the  first  7 sine  modes  in 
the  slot.  The  agreement  between  the  calculated  and  measured  curves 
is  quite  goed.  Note  especially  that  the  calculations  predict  very 
accurately  tne  shift  of  the  resonance  frequency  with  incidence  angle. 
This  is  often  the  most  important  parameter  of  a resonant  window. 

Figures  5-12  and  5-13  show  calculated  and  measured  curves  for 
the  same  frequency  range  but  for  incidence  angles  with  $=90°.  The 
odd  sine  modes  and  even  cosine  modes  were  used  co  describe  the  fields 
in  the  slots,  with  n ranging  from  1 to  7.  The  agreement  is  again 
quite  good.  The  discontinuities  in  the  calculated  curves  are  surface 
wave  nulls  associated  with  the  onset  of  propagating  grating  lobes. 

The  frequencies  ai  which  the  grating  lobes  start  to  prooagate  are 
indicated  on  the  abscissa  for  the  various  incidence  angles.  Tor  a 
square  grid  array,  ('.e.,  dx=dy)  for  a given  incidence  angle,  the 
grating  lobes  will  start  to  propagate  at  the  same  frequency  for  both 
the  0=0'-  and  $-=90"  incidence  planes.  Vet  the  surface  wave  nulls  were 
not  evident  in  Figs.  5-10  an'  5-11,  since  the  element  pattern  pre- 
vented the  grating  lobes  from  being  suddenly  excited  in  that  plane. 

The  measured  nulls  are  not  so  deep  and  pronounced  as  the  calculated 
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trie  substrate  (t2=0.072  cm,  e2=2.38e0;  t-|=0),  E-plane  incidence. 
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ones  due  to  the  finite  size  of  the  panels  measured  (approximately 
1 ft.  square).  The  oscillation  in  the  80°  curve  near  8.5  GHz  is 
assumed  to  be  due  to  a measurement  error. 

These  first  resonance  curves  could  also  have  been  calculated 
using  the  impedance  method  of  Munk  [3],  However,  the  second  resonance 
curves  which  are  about  to  be  presented  have  not  been  calculated  using 
the  mutual  impedance  method.  This  is  because  higher  order  modes  are 
needed  to  describe  the  slot  fields  in  the  second  resonance  region , and 
the  presence  of  these  modes  makes  the  application  of  the  mutual  im- 
pedance nethod  somewhat  more  complex. 

Calculated  and  measured  transmission  curves  showing  the  second 
resonance  for  incidence  angles  in  the  j=0°  plane  are  presented  in 
Figs.  5-14  and  5-15.  The  first  7 sine  modes  are  used  to  describe 
the  slot  fields.  The  general  shapes  of  the  calculated  and  measured 
curves  agree  quite  well.  However,  the  frequency  of  the  second 
resonance  di ffers  by  approximately  1 GHz.  There  are  at  least  two 
possible  explanations  for  the  disagreement.  The  most  likely 
explanation  is  experimental  error.  The  measurements  were  taken 
using  a sweep  generator  coupled  with  a computerized  data  taking 
system.  Thus  a small  calibration  error  would  well  explain  the 
discrepancy,  since  1 GHz  is  only  about  a 6%  error  at  the  second 
resonance  frequency.  The  other  explanation  is  that  the  modal 
solution  is  in  error  in  this  plane.  Despite  the  error  in  frequcoo;,  , 
the  calculations  predict  the  levels  of  the  second  resonance  ;.CukS  quite 
accurately.  The  transmission  peakes  are  lossy  since  there  are  propa- 
gating grating  lobes . The  lack  of  a second  refinance  peak  for  normal 
incidence  is  ore-dieted  qui  te  accurately  by  the  calculations.  Referring 
to  the  modal  nolrritv  diagrams  in  Fig.  5-9,  it  is  evident  that  neither 
the  second  rrd.-r  sine  mode  nor  the  second  order  cosine  mode  will  be 
‘A'iUi  uy  o .lOr-iiJl,  incident  plane  wave.  This  observation  tends  to 
u/  i i r Si  :ju • previous  statement  that  these  2nd  order  modes  describe 
ui  ‘ : accurately  the  slot  fields  at  second  resonance. 

Second  resonance  transmission  curves  for  incidence  directions 
with  4>=90°  are  shown  in  Figs.  5-16  and  5-17.  Again,  the  odd  sine 
modes  and  even  cosine  modes  with  n running  from  1 to  7 were  used  to 
describe  the  fields  in  the  slots.  For  this  incidence  plane  the  calcu- 
lations predict  the  frequency  of  the  second  resonance  quite 
accurately.  However,  the  overall  agreement  as  regards  the  general 
shapes  of  the  curvas  and  the  peak  values  at  the  second  resonance  is 
not  quite  so  good  as  for  the  <f=0°  curves.  The  transmission  curve 
behavior  in  this  plane  seems  to  be  more  complicated.  The  general 
trends,  i.e.,  the  shoulders  on  the  resonance  curves,  the  relative 
heights  of  the  resonance  peaks  for  various  incidence  angles,  and 
the  null  preceding  the  resonance  peak,  are  predicted  quite  accurately. 
The  e=30°  transmission  null  just  below  15  GHz  is  evident  in  both  the 
calculated  and  measured  data.  The  depth  of  the  measured  null  is 
limited  by  the  finite  size  of  the  panel.  This  finite  panel  size  also 
is  an  important  factor  in  the  discrepancies  between  the  calculated 
and  measured  data. 
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355  cm 


Measured  transmission  curves  corres 


1.355cm 


REQUENCY  {GHz) 

corresponding  to  the  calculated  curves  of  Fig.  5-16 
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Throughout  these  calculations,  slot  modes  which  are  not  excited 
for  a particular  incidence  direction  are  rot  included  iri  the  solution. 
However,  one  must  be  sure  to  include  all  of  the  excited  modes.  This 
is  illustrated  in  Fig.  5-18.  These  curves  were  calculated  for  the 
same  conditions  as  those  in  Fig.  5-16  but  without  the  even  ordered 
cosine  modes.  The  6=1°  curves  are  nearly  identical,  since  the  cosine 
modes  are  not  excited  for  normal  incidence.  But  the  second  resonance 
peak  is  missing  from  the  60 ; and  80°  curves.  This  comparison  also 
confirms  the  previous  statement  that  the  2nd  order  cosine  mode  is 
responsible  for  the  second  resonance  in  the  c~90°  incidence  plane. 

One  final  point  needs  to  be  made  regarding  4-legged  slot  arrays. 
Referring  back  to  Fig.  5-10,  there  is  a noticeable  shift  of  resonance 
frequency  with  incidence  angle.  This  shift  can  be  eliminated  by 
decreasing  the  interelement  spacings  dx  and  dy.  Calculated  trans- 
mission curves  for  such  an  array  are  shown  i r,  Tig,  5-19,  with  the 
confirming  measured  curves  in  Fig.  5-20.  Again,  7 sine  modes  were 
used  for  the  slot  fields.  This  panel  has  the  same  frequency 
stability  as  the  single  loaded  slot  panel  of  Fig.  5-4  but  without  the 
undesired  transmission  loss. 

U . 3-legged  Symmetric  Slot 

The  3-legged  symmetric  slot  element  shown  in  Fig.  3-12  was 
developed  by  Felton  [1,2]  for  application  in  a high  aspect  ratio  radome 
design.  The  3-legqed  slots  have  the  desirable  properties  of  the 
4-legged  slots.  They  can  transmit  arbitrarily  polarized  waves  with- 
out significant  cross  polarization  losses  when  arranged  in  a triangu- 
lar grid.  Pelton  has  shown  that  the  triangular  grid  arrangement  tends 
to  yield  a more  stable  resonance  frequency  (with  varying  incidence 
angle)  than  the  rectangular  grid,  especially  for  incidence  angles  not 
in  the  principal  planes  (i.e.,  <>=452  rather  than  0n  or  90°).  To  our 
knowledge  calculated  transmission  curves  for  arrays  of  this  type  have 
not  yet  appeared  in  the  literature,  although  Pelton  is  presently 
engaged  in  the  analysis  of  these  slots  using  the  mutual  impedance 
method  [53], 

The  modal  analysis  method  can  be  used_  to  calculate  transmission 
through  an  array  of  3-leqged  slots.  The  e^j  modes  used  to  describe 
the  fields  in  the  3-legged  loaded  s_lot  are  given  by  Eq.  (3-76)  with 
z=0  and  the  proper  definition  for  G(£).  The  electric  field 
polarities  for  the  n=l  sine  and  cosine  modes  are  shown  in  Fig.  5-21. 

The  3-legged  slot  does  not  have  symmetry  in  the  cardinal  ($=0°,  90n) 
planes  as  does  the  4-legqod  slot.  Thus  both  x polarized  and  y 
polarized  E fields  must  be  considered.  For  y polarized  E fields 
the  sine  mode  will  be  strongly  excited  by  the  incident  wave,  while  for 
x polarized  E fields  the  cosine  mode  will  be.  These  two  modes  are 
the  dominant  modes  in  the  first  resonance  region.  The  calculated 
transmission  curves  for  3-legqed  slot  panels  presented  in  this  section 
were  made  using  98  Floquet  modes  (p  and  q running  from  -3  to  +3, 
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Figure  5-19. --Calculated  transmission  curves  for  an  array  of  4-legged  symmetric 
slots  on  a thin  dielectric  substrate,  H-piane  incidence. 


Figure  5-20.— Measured  transmission  curves  corresponding 
to  the  calculated  curves  of  Fig.  5-19. 


Figure  5-21 .--Electric  field  polarities  for  the  n=l  sine  and  cosine 
modes  for  the  3-legged  symmetric  loaded  slot. 


r=l,2)  and  6 slot  modes,  the  sine  and  cosine  modes  up  to  n = 3. 
Relatively  fewer  Floquet  modes  are  needed  for  convergence  than  for 
the  previously  considered  4-legged  slot  panels.  The  3-legged  slots 
are  packed  more  tightly  and  thus  the  array  has  a smaller  ratio  of 
periodic  cell  size  to  slot  size. 

In  Figs.  5-22  and  5-23  are  calculated  and  measured  transmission 
curves  for  a 3-legged  slot  array  with  polarization  and  incidence 
angle  as  shown  in  the  inserts.  (The  dimensions  b,  c,  and  d are 
defined  in  Fig.  3-12.)  The  measured  panel  was  chemically  etched  in 
.002"  thick  copper  bonded  to  a 1/32"  dielectric  substrate  with  er=2.5 
The  measurements  are  taken  from  Pelton  [2].  The  electric  field  is 
x directed  and  the  incidence  angles  are  in  the  *=90°  plane.  The 
agreement  between  the  calculated  and  measured  curves  is  quite  good. 
Figures  5-24  and  5-25  show  calculated  and  measured  curves  for  the 
same  polarization  but  with  the  incidence  angles  in  the  <f=0°  plane. 
Again,  the  agreement  is  qu^te  good. 

For  this  polarization  the  n=l  cosine  mode  is  the  dominant  slot 
mode  (viz.  Fig.  5-21).  If  we  change  to  a y polarized  incident  plane 
wave  the  n=l  sine  mode  will  be  the  dominant  mode.  Calculated  trans- 
mission curves  for  this  polarization  with  $=0°  incidence  angles  are 
shown  in  Fig.  5-26,  with  the  corresponding  measured  curves  given  in 
Fig.  5-27.  The  two  sets  of  data  agree  quite  well  in  general  shape, 
but  the  calculated  curves  show  a resonance  frequency  shift  of  approxi 
mately  0.4  GHz  (when  compared  with  Figs.  5-22  and  5-23)  which  is  not 


Figure  5-22. --Calculated  transmission  curves  for  an  array  of  3-legged  symmetric  slots  on  a thin 
dielectric  substrate  (t2=0.08  cm,  E2=2.5(k0'>  t]=0),  H-plane  incidence  ($=90°). 
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confirmed  by  the  measured  data.  This  discrepancy  may  be  due  to 
numerical  problems  associated  with  changing  the  polarization  of  the 
t field,  This  <-i'ange  of  polarity  completely  changes  the  field 
structure  in  the  slot  and  in  the  periodic  cell.  Thus  the  equations  tc 
be  solved  and  the  resulting  set  of  modal  coefficients  are  entirely 
different  for  the  two  cases.  Theoretically  this  should  not  matter, 
but  practically  speaking  one  ot  ;.he  slot  field  distributions  may  be 
more  difficult  to  match  with  the  truncated  I loguet  mode  set.  than  the 
other.  One  would  not  expect  that  the  discrepancy  is  due  to  a 
fundamental  shortcoming  in  the  theory  since  such  good  agreement  is 
obtained  for  the  oilier  polarization. 

By  making  allowances  for  this  resonant  shift  much  additional 
useful  information  on  transmission  through  i- legged  loaded  slot 
arrays  can  be  obtained  using  the  modal  solution.  This  would  be 
especially  true  for  the  higher  resonances,  where  the  mutual  impedance 
type  solutions  have  not  yet  been  applied  successfully. 
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CHAPTER  VI 

G I PLANAR  SLOT  ARRAYS 


For  many  applications  a two  layer  slot  array  may  be  more 
desirable  thin  a single  layer  slot  array  since  a wider  passband  and 
sharper  skirts  can  be  obtained.  The  geometry  of  the  biplanar  slot 
array  is  illustrated  in  Fig.  6-1.  The  structure  is  composed  of  two 
thin  slot  arrays  of  the  type  considered  in  the  previous  chapter  which 
are  parallel  to  one  another  and  separated  a perpendicular  distance 
2t2+t3-  The  space  between  the  two  arrays  is  tilled  with  dielectric 
layers  with  parameters  u2*  ^2  and  ^3,  £3  as  shown.  The  two  outer 
surfaces  of  the  array  are  covered  with  a dielectric  layer  of  thickness 
ti  with  parameters  f]  and  yj  . The  possibility  of  improving  the  per- 
formance of  biplanar  slot  arrays  by  coating  them  with  dielectric  was 
suggested  by  Flunk  [4],  The  method  cf  solution  which  we  will  employ 
requires  that  the  structure  be  symmetric  about  the  plane  z = -t2-.5t3. 
Thus  the  two  slotted  panels  and  the  outer  dielectric  layers  must  be 
i den ti cal . 

We  desire  to  obtain  the  plane  wave  transmission  coefficient 
for  this  structure.  To  our  knowledge  this  problem  has  not  previously 
been  solved  using  the  modal  analysis  method.  Hunk  et.  al . have 
previously  solved  the  biplanar  problem  illustrated  using  the  mutual 
impedance  method  with  the  condition  that  t i=£2=e3=£;0»  and  lJl='J2=u3;T'Jc > 
i.e.,  the  two  arrays  are  in  free  space  [19,20].  The  modal  analysis 
solution  presented  here  was  the  first  to  include  the  effects  of  the 
various  dielectric  layers.  However,  flunk  has  since  modified  the  mutual 
impedance  solution  to  include  dielectric  layers  [5], 

A.  Derivation  of  Solution 


The  modal  solution  which  we  are  about  to  derive  for  the  biplanar 
array  is  a combination  of  the  techniques  used  to  obtain  the  solutions 
of  the  two  previous  chapters.  Since  the  structure  is  thick,  the 
technique  of  using  symmetric  and  antisymmetric  excitations,  which 
simplified  the  solutions  reached  in  Chapters  II  and  IV  for  the  thick 
structures,  will  again  be  used.  Since  the  slotted  panels  t^cm^clves 
are  thin,  the  field  matching  method  and  the  expansion  of  the  fields 
in  the  slots  will  be  quite  similar  to  those  used  in  Chapter  V tor  thin 
slot  arrays , 

The  modal  expansion  for  the  region  z>D  is  the  same  as  for  the 
two  previous  configurations.  Again,  the  Floguet  modes  of  Chapter  III 
are  used.  The  direction  of  the  incident  plane  wave  is  determined  by 
0 and  $ (see  Tig.  3-1).  Using  the  free  space  Floquet  modes  of 
Eqs  . (3-12)  to  (3-15)  the  x and  y components  of  the  incident  fields 
in  the  free  space  region  (z>f])  can  be  expressed  as 
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Figure  6-1 .--Geometry  and  coordinates  for  a biplanar  slot  array 

a)  Typical  geometry  of  one  of  the  two 
thi n slnt  arrays . 

b)  Arrangement  of  the  two  slot  arrays 
to  form  a biplanar  slot  array. 
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where  the  Ar  are  known  coefficients  which  are  determined  by  the 
direction  and  polarization  of  the  incident  plane  wave.  To  express 
the  fields  at  the  front  surface  of  the  first  panel  (at  z=0+)  we  first 
define  the  quantities 
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which  are  needed  to  account  for  the  dielectric  discontinuity  at 
z=t-|.  The  superscript  (1)  denotes  quantities  which  are  evaluated  in 
the  dielectric  region  with  parameters  and  ui.  By  applying  the 
results  of  Chapter  III  expressed  in  Eqs.  (3-32)  through  (3-35)  and 
(3-43),  the  tangential  fields  at  the  front  surface  of  the  first 
slotted  panel  can  be  expressed  as 
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The  p and  are  unknown  modal  coefficients.  The  Floquet  mode 

functions  e^O)  and  1 ^ are  defined  in  Eqs.  (3-49),  (3-50),  and  are 

simply  the  free  space  Floquet  mode  functions  modified  so  as  to  in- 
clude the  effects  of  the  dielectric  layer  on  their  modal  impedance. 
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We  now  desire  to  expand  the  tangential  fields  on  thj  back  side 
of  the  first  panel,  i.e.,  at  2=0',  in  some  orthogonal  mode  set.  We 
can  use  the  Floquet  electric  field  mode  functions  expand  the 

electric  fields,  since  for  z=0  they  are  not  affected  by  the  presence 

of  the  dielectric,  (by  Eq . (3-51),  er^  ^ =er(^=efi^=er. ) * The 

31  31  31  31 

Floquet  magnetic  field  mode  functions  at  z=0"  are  then  given  by 
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where  we  now  have  to  determine  the  modal  impedance  Zpq  ' . Equation 
(6-7)  can  be  written  only  because  we  are  using  symmetric  and  anti- 
symmetric excitations  in  solving  this  problem.  Otherwise,  the  mode 
coupling  at  the  surface  of  the  second  panel  would  have  to  be  taken 
into  account,  and  Eq . (6-7)  would  be  a matrix  equation  involving  a 
scattering  matrix.  This  scattering  matrix  S-j j would  give  the  ampli- 
tude of  a mode  j reflected  from  the  second  panel  due  to  a unit 
amplitude  mode  i striking  the  panel.  As  explained  in  Chapter  IV, 
this  scattering  matiix  can  be  diagonalized  by  using  symmetric  and 
antisymmetric  excitation  (see  the  discussion  preceeding  Eq . (4-9)). 
Rather  than  repeat  this  discussion,  let  us  merely  state  that  symmetric 
excitation  produces  an  open  circuit  at  the  center  of  the  structure 
(i.e.,  at  z=-t2-0 .5t3) , while  antisymmetric  excitation  produces  a 
short  circuit.  Thus  Eq.  (6-7)  can  be  written  for  symmetric  and 
antisymmetric  excitations  since  there  will  be  no  mode  coupling  at  a 
short  or  open  circuit. 


r(Z) 

The  determination  of  the  modal  impedance  ZpA  ' at  z=0"  is  now 
quite  strai ghtforward.  Consider  the  transmission  line  model  shown 
in  Fig.  6-2.  The  modal  impedance  Zp  rt  the  center  of  the  structure 
will  be  00  or  0 for  symmetric  or  antisymmetric  excitation,  respect- 

r(3) 

ively.  The  modal  impedance  Z ' at  z=-t2  will  be  given  by 
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where  y and  n v 1 are  the  propagation  constant  and  modal  impedance 
pq  pq  J 

of  the  pqth  mode  evaluated  with  paramters  £3,113  (see  Chapter  III). 

r(  2) 

The  desired  modal  impedance  at  z=0",  Z ^ , is  now  given  by 
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Figure  6-2. --Transmission  line  model  of  the  dielectric  layers 
between  the  two  slotted  panels  used  to  determine 


the  modal  impedance  Z 
the  front  panel. 
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at  the  z=0~  surface  of 
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Note  that  if  to=0,  Zr^  = Zr^. 
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We  now  expand  the  fields  at  z=0"  as  follows: 
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We  can  now  proceed  to  solve  for  the  unknown  modal  coefficients 
by  applying  the  boundary  conditions.  Tangential  E must  be  continuous 
in  the  slot  aperture  and  zero  on  the  ground  plane.  Thus  we  can 
equate  Eqs . (6-5)  and  (6-10)  and  obtain 
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where  F^  is  the  unknown  tangential  electric  field  in  the  slot  aper- 
ture. To  simplify  Eq.  (6-12)  we  take  the  cross  product  with  , 

dot  the  result  with  z,  integrate  over  a unit  cell,  and  apply  the 
orthogonal  i ty  relation  of  Cq . (3-22),  obtaining 
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where  /a  ds  denotes  an  integration  over  one  unit  cell  and  ds 
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denotes  an  integration  over  one  slot  aperture.  Since  ea:  , Eq. 

(6-13)  can  be  reduced  to 
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If  we  now  multiply  Eq.  (6-12)  by  Ffi2^  , dot  the  result  with  z, 
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and  integrate  over  a unit  cell,  we  obtain 
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or,  simplifying. 


(6-16)  aj  = B"  = ( F xh^2)*-zds/(  iT$2)xFr|2)*.zds  i/1. 
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The  other  boundary  condition  which  we  must  enforce  is  continuity 
of  the  tangential  magnetic  field  across  the  slot  aperture.  We  thus 
equate  Eq.  (6-6)  and  (6-11),  so  that  in  the  slot  aperture 

(6-17)  l [a"d-pr(l+DFr)]FT(1)-  ) > affj1'  = f J bJHT{2). 

r=l  1 al  r=l  i=2  1 a1  r=l  i=l  1 ai 

If  we  now  substitute  for  a^  and  from  Eq.  (6-16),  Eq.  (6-17) 
is  reduced  to  1 
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From  Eq.  (6-14)  we  readily  obtain 
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Substituting  for  from  Eq.  (6-14)  and  for  pr  from  Eq.  (6-19), 
Eq.  (6-18)  can  be  written,  with  some  minor  simplification,  as 
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In  order  to  further  simplify  Eq . (6-20)  we  shall  evaluate  the 
i ntegral 
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at  the  surface  of  the  front  panel  (z=0).  From  Eqs.  (3-12)  to  (3-15), 
(3-18),  (3-19),  (3-51)  and  (6-7),  we  can  write 
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since  the  area  of  the  central  periodic  cell  is  equal  to  dxdy  (see 
Fig.  3-2).  By  using  the  results  of  Eq.  (6-21),  and  by  introducing 
the  function  of  Eqs.  (3-50)  and  (6-7),  Eq.  (6-20)  can  be  written  as 
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All  of  the  quantities  in  Eq . (6-22)  are  known  quantities  with 
the  exception  of  Ft,  The  transverse  field  in  the  slot  aperture. 
Using  the  modes  presented  in  Chapter  III  to  describe  the  aperture 
fields  in  the  various  slots,  we  can  express  Et  approximately  as 
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where  our  modal  summation  is  truncated  at  N terms.  We  now  proceed 
to  apply  the  method  of  moments  to  obtai  r.  the  unknown  aperture  field 
Ft.  Using  Galerkin's  method,  we  substitute  the  expression  of  Eq. 
(6-23 ) for  the  aperture  field  Ft  in  Eq . (6-22),  and  simultaneously 
multiply  by  epn,  obtaining 


(6-24) 


> ard  -2. 

>-al 


r=l  1 1 - DF  n 


r ITHTj 


e.  x#  -zds  - 
bn  oo 


oo 


'oo  00  J 


pq  pq 


- rT 


’X<tpq*zdS 


Since  n can  range  from  1 to  N,  Eq.  (6-24)  is  actually  N equations, 
with  the  N unknowns  being  the  Cj  modal  coefficients.  The  Floquet 
mode  set  has  been  truncated  at  2M  terms  to  allow  a computer  solution. 
Normally  N will  be  quite  small,  i.e.,  less  than  10,  while  M will  be 
quite  large,  121  being  a typical  number.  But  note  that  even  with  M 
being  quite  large,  only  an  NxN  system  of  equations  needs  to  be 
solved. 

The  system  of  equations  given  by  Eq.  (6-24)  must  be  solved  twice, 
once  for  symmetric  excitation  and  once  for  antisymmetric  excitation. 

If  we  denote  the  resulting  modal  coefficients  as  for  symmetric 
excitation  and  C4  f0r  antisymmetric  excitation,  then  from  Eqs.  (6-7), 
(6-19),  (6-21),  and  (6-23),  and  the  properties  of  symmetric  and 
antisymmetric  excitations,  we  have 
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__  The  free  space  modal  reflection  coefficients  Rr  are  then  determined 

oy  Eq.  (3-44). 

!j  We  can  find  the  free  space  modal  transmission  coefficients  Tr 

by  a similar  process.  Let  bf  be  given  by 
B-  J 


Equation  (3-66)  cannot  be  applied  directly  since  the  biplanar 
structure  has  a finite  thickness.  However,  if  we  multiply  Eq . (3-66) 
by  the  factor  -exp(/Y0o(2t2+t3) ) which  corrects  for  the  phase  delay 
caused  by  the  finite  thickness  of  the  biplanar  slot  array  and  for  the 
change  in  propagation  direction  which  takes  place  when  the  symmetric 
and  antisymmetric  excitations  are  subtracted,  we  obtain  for  the  modal 
transmission  coefficients  Tr 


(6-27 ) Tr=-bfexp(+jv00(2t2+t3)) 


exp[-j(Y0o1)-Y00)ti]  — pm 


1+itanKo1)tl) 


noo 


The  reflected  and  transmitted  fields  are  now  given  by  Eqs . (6-1)  and 
(6-2)  with  Rr  (-Rr  for  reflected  H field)  or  Tr  substituted  for  A . 

The  calculated  results  presented  in  the  remaining  sections  of 
this  chapter  were  obtained  from  a Fortran  IV  computer  coding  of  hie 
above  solution.  The  /be  ix'*’pq '^s  integrals  can  be  evaluated  n closed 
form  for  the  slot  shapes  considered  in  this  chapter.  The  results  are 
given  in  Appendix  B.  The  coeffi  ci  ent^  matrj,x„is  not  Hermitian. 

However,  the  factor  /b%nx^pg’Zds  •/behjX^pn,zds , because  of  its 
symmetry  in  j and  n,  need  only  be  evaluated  over  the  upper  triangular 
portion  of  the  matrix,  with  its  conjugate  value  being  used  in  the 
lower  triangular  portion.  This  symmetry  results  in  a considerable 
time  saving,  since  for  this  solution  much  more  time  is  required  to 
evaluate  the  coefficient  matrix  than  to  solve  the  resulting  system 
of  equations.  This  is  because  the  ratio  of  M to  N required  for  con- 
vergence is  usually  quite  high  for  the  geometries  we  are  considering. 
The  computed  curves  were  checked  for  convergence.  Results  for 
various  biplanar  geometries,  both  with  and  without  dielectric  layers, 
will  be  presented  in  the  remaining  sections  of  this  chapter. 
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B.  Biplanar  Arrays  Without  Dielectric  Layers 

Before  becoming  involved  in  the  complex  behavior  obtained  from 
biplanar  slot  arrays  filled  and/or  covered  with  dielectric  layers, 
we  shall  present  some  calculated  curves  for  two  biplanar  arrays  which 
have  only  a thin  dielectric  substrate.  The  results  obtained  are 
confirmed  by  measured  data  obtained  from  Reference  [19].  Convergence 
was  obtained  for  th-  calculations  presented  in  this  section  with 
98  Floquet  modes  (pm,  =q_  =3)  and  the  first  5 sine  modes  for  the 
-legged  slot. 

In  Fig.  6-3  calculated  transmission  coefficient  curves  for  a 
biplanar  array  with  a panel  separation  of  0.43  cm  (03A  at  resonance) 
are  shown.  The  thin  dielectric  substrate  is  required  for  mechanical 
support.  Electrically  it  is  quite  thin,  with  its  main  effect  being 
a slight  lowering  of  the  resonance  frequency  of  the  slot  array.  For 
this  spacing  the  near  field  coupling  is  quite  strong,  with  the  most 
prominent  effect  of  this  coupling  being  the  deep  dip  in  the  resonance 
reqion  for  60  and  80°  H-plane  scan  (d>=0°;  e=60c',  80°).  The  corre- 
sponding measured  curves  are  shown  in  Fig.  6-4.  The  agreement  is 
quite  good. 

If  we  increase  the  spacing  between  the  two  arrays  to  .83  cm 
(•^.25a  at  resonance)  the  near  field  coupling  will  decrease,  which 
should  produce  a corresponding  decrease  in  the  depth  of  the  resonance 
region  transmission  coefficient  dip  for  H-plane  incidence  angles. 

That  this  is  indeed  the  case  is  confirmed  by  the  calculated  trans- 
mission coefficient  curves  of  Fig.  6-5.  The  corresponding  measured 
curves  are  given  in  Fig.  6-6.  Again  the  agreement  is  quite  good. 

While  these  two  biplanar  configurations  might  be  quite  useful 
for  certain  applications,  they  have  some  shortcomings.  One  is  the 
resonance  region  dip  for  high  H-plane  incidence  angles.  Now  this 
dip  could  be  lessened  by  moving  the  panels  further  apart,  but  there 
are  reasons  for  not  separating  the  panels  much  more  than  about  0.5A. 
One  reason  is  the  appearance  of  unwanted  resonances  which  can  cause 
transmission  losses  in  the  passband.  Another  is  the  desirability  of 

keeping  Llie  electrical  spacing  between  screens  Uy0q  ^2+yod  *3) 

approximately  ’72.  This  electrical  spacing  is  proportional  to  the 
cosine  of  the  incidence  angle,  and  for  wide  spacings  changes  very 
rapidly  with  incidence  angle.  For  further  discussion  of  these  points 
see  Reference  [19]. 

Another  shortcoming  is  the  change  of  the  bandpass  bandwidth  with 
incidence  angle.  For  many  applications  this  is  a very  undesirable 
feature,  but  one  which  seems  to  be  unavoidable  in  biplanar  resonant 
surfaces  which  are  not  covered  with  dielectric. 
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figure  G-6 .--Measured  curves  corresponding  to 


As  pointed  out  in  a previous  chapter,  the  variation  of  bandwidth 
with  incidence  angle  can  be  reduced  considerably  by  covering  the 
periodic  surface  with  a properly  designed  dielectric  layer.  In  the 
next  section  we  will  illustrate  that,  as  suggested  by  Munk  [4]  this 
technique  can  be  successfully  applied  to  biplanar  resonant  surfaces 
with  good  results,  Further,  the  resonance  region  dip  for  H-plane 
incidence  angles  can  be  reduced  considerably  by  properly  picking  the 
thicknesses  I2  and  t3  and  dielectric  constants  £3,  £3  of  the  material 
. etwoen  the  screens  . 

C.  Dielectric  Covered  Biplanar  Arrays 

As  mentioned  previously,  the  modal  solution  presented  in  the 
first  section  of  this  chapter  was  the  first  solution  to  the  biplanar 
array  problem  whi ch  included  dielectric  layer  effects.  With  this 
solution  several  new  phenomena  related  to  dielectric  covered 
biplanar  arrays  were  discovered,  and  these  will  be  presented  in  the 
following  pages.  However,  shortly  after  this  solution  was  developed 
Munk  developed  a solution  using  a mutual  impedance  method  [5].  One 
advantage  of  his  method  is  that  it  can  more  readily  be  used  to  design 
dielectric  covered  biplanar  arrays  with  desirable  properties  than  can 
the  modal  solution,  which  is  primarily  a means  ot  analysis.  One 
cannot  merely  cover  the  biplanar  array  with  just  any  dielectric  com 
figuration  and  expect  good  performance.  An  example  of  this  p shown 
in  the  calculated  transmission  curves  of  Pig.  6-7,  where  a biplanar 
slot  array  has  been  covered  on  the  outside  with  O.'j  cm  thick  layers 
of  tr=4.0  dielectric,  and  filled  in  the  cent.es  with  a 0.7  cm 
dielectric  with  Lr-l.ci.  Note  the  shifts  in  resonance  frequency  for 
the  H-plane  incidence  angles.  Also,  the  1 ’ incidence  angle  curve 
has  a loss  at  resonance  of  'i.h  diw  Tins  panel  is  clearly  unsuitable 
lor  any  prac.tic a I appl  1 cations  , 

i’rupei  design  is  required  to  obtain  a biplanar  panel  with  stable 
res uiiuiice  frequency  and  minimal  change  in  bandwidth  and  phase  delay 
witn  changing  incidence  angle.  Later  in  this  section  transmission 
curves  for  a biplanar  array  designed  by  means  of  Munk's  solution  and 
calculated  using  the  modal  matching  solution  will  be  presented.  These 
curves  show  a quite  stable  passband,  minimal  change  in  bandwidth  with 
incidence  angle,  and  a phase  delay  variation  comparable  to  that  for  a 
conventional  dielectric  radome . A complete  discussion  of  the  design 
procedure  is  beyond  the  scope  of  the  present  work,  and  the  interested 
reader  is  referred  to  Munk  [5], 

However,  we  shall  first  show  a series  of  calculated  and  measured 
curves  for  a dielectric  covered  biplanar  panel  which  does  not  have 
such  good  performance  since  the  results  will  illustrate  certain 
phenomena  which  must  be  taken  into  account  when  designing  biplanar 
arrays.  The  calculated  curves  in  this  section  required  24?  Floquet 
inodes  (pmclx=q|n;jX=5 ) for  convergence.  In  general  the  first  7 sine 


and  cosine  modes  were  used  to  expand  the  fields  in  the  slot.  How- 
ever, for  lower  frequencies  (i.e.,  below  12  GHz)  the  cosine  modes 
were  not  included  since  they  are  only  weakly  excited. 

The  biplanar  geometry  of  Fig.  6-8  represents  an  early  attempt  to 
design  a dielectric  covered  biplanar  array.  As  is  evident  from  the 
calculated  transmission  curves  of  Fig.  6-9  this  design  attempt  was  a 
failure.  The  reason  is  that  the  60°,  70°,  and  80°  E-plane  transmission 
nulls  fell  in  the  passband  of  the  panel.  The  existence  of  the  passband 
nulls  for  biplanar  arrays  was  not  anticipated  by  previous  theories,  and 
was  first  demonstrated  by  the  modal  solution  results  of  Fig.  6-9. 

Only  later  were  these  results  confirmed  by  the  measured  curves  of 
Fig.  6-11. 

These  passband  nulls  are  related  to  the  surface  wave  nulls 
discussed  extensively  in  Chapter  IV.  It  was  shown  there  that  the 
frequency  of  the  null  would  be  reduced  by  coating  the  array  with  a 
dielectric  layer.  The  amount  of  reduction  would  depend,  in  a somewhat 
com, plicated  fashion,  on  the  thickness  of  the  dielectric  layer.  The 
lowest  possible  frequency  could  be  quite  easily  determined,  however, 
and  would  be  given  by  Eq . (4-29)  with  Kw=K-j . For  a square  array 
(dxdy,  a=90°)  this  means  that  the  surface  wave  null  frequency  cannot 
be  lower  than  fe,  where 

(6-28)  fg  = c/[dx(A~  + sine)] 

and  where  c is  the  speed  of  light  and  er  is  the  relative  dielectric 
constant  of  the  dielectric  layer.  For  the  outer  layer,  with  e 1 . 5 , 
and  taking  9=70°,  Eq.  (6-28)  predicts  a null  no  lower  than  10.23  GHz 
for  dv"1.355  cm.  Thus,  according  to  previous  theory,  the  null  should 
have  been  above  the  desired  passband  frequencies  and  the  biplanar 
design  of  Fig.  6-8  should  have  been  a viable  one. 

The  source  of  the  null  was  evidently  not  in  the  exterior  region 
of  the  biplanar  array  (i.e.,  the  t]  layers)  but  in  the  area  between 
the  arrays.  Note  that  if  the  spacing  between  the  slots  (dx  and  dy) 
is  increased  the  frequency  of  the  null  is  moved  upwards  in  frequency 
(i.e.,  see  Fig.  6-18).  This  behavior  is  similar  to  that  of  the  surface 
wave  null  discussed  in  Chapter  IV.  If  we  proceed  to  apply  Eq.  (6-28) 
to  the  region  between  the  panels,  we  find  that  for  a 70°  incidence 
angle  and  a relative  dielectric  constant  of  1.9  the  Wood's  anomaly 
null  would  normally  occur  at  a frequency  above  9.55  GHz.  Our  cal- 
culated frequency  from  Fig.  6-9  is  8.9  GHz,  well  below  the  frequency 
predicted  by  Eq.  (6-28),  Equation  (6-28)  corresponds  to  a phase 
difference  of  2n  radians  between  adjacent  slots.  Thus,  assuming  that 
the  null  occurs  when  adjacent  slots  differ  in  phase  by  a multiple  of 
2nn , the  presence  of  he  2nd  array  must  affect  the  phasing  between  the 
slots  on  the  first  array,  and  vice  versa.  This  is  not  really  that 
unexpected.  What  was  not  known  previously,  however,  was  that  this 
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shift  in  the  frequency  of  the  null  would  1 ) be  so  pronounced,  and 
2)  be  downward  (in  frequency)  rather  than  upward. 


One  might  argue  that  it  is  the  tg  substrate  layers  with  er=2.38 
which  lower  the  null  frequency.  However,  a layer  ot  dielectric  this 
thin  will  have  little  effect  on  the  surface  wave  null  frequency, 
as  is  evident  from  the  results  of  Fig.  4-17.  To  confirm  this  con- 
clusion calculations  for  the  array  of  Fig.  6-8  were  made  with  the 
relative  dielectric  constant  of  the  t 2 substrate  layers  changed  to 
1.9.  The  results  are  shown  in  Fig.  6-10.  For  70°  incidence  the  null 


FREQUENCY  (GHz) 


Figure  6-10. --Calculated  transmission  curves  for  the  same  biplanar 
array  of  Fig.  6-9  but  with  the  relative  dielectric 
constant  of  the  t£  substrate  layer  set  equal  to  that 
of  the  tq  center  layer.  E-plane  incidence. 


frequency  increased  slightly  (from  8.9)  to  9.02  GHz.  This  frequency 
is  still  well  below  the  9.55  GHz  frequency  predicted  by  Eq.  (6-28), 
and  supports  cur  conclusion  that  the  frequency  of  the  null  is  lowered 
by  the  coupling  between  the  panels. 

As  previously  mentioned,  the  experimental  confirmation  of  the 
calculated  curves  of  Fig.  6-9  is  shown  by  the  curves  of  Fig.  6-11. 

The  overall  agreement  is  quite  good.  The  forced  resonances  above 

r i 2 1 

10  GHz  due  to  the  rapid  changes  in  Zpq  ' (see  Chapter  IV)  are  lossy 
in  the  measured  curves  because  of  the4finite  size  of  the  measured 
panels.  Note  that  their  frequencies  are,  for  the  most  part,  quite 
accurately  redicted  by  the  calculations.  The  measured  loss  is  actually 
good  in  terms  of  possible  applications,  since  for  most  applications 
one  would  like  to  depress  the  out  of  passband  transmission  as  much  as 
possible. 

Calculated  and  measured  transmission  curves  for  the  other 
incidence  plane  (H-plane)  are  shown  in  Figs.  6-12  and  6-13.  Again  the 
agreement  is  quite  good.  The  amount  of  the  6=80°  resonance  band 
dip  is  predicted  quite  accurately.  The  passband  nulls  and  forced 
resonances  evident  in  the  E-plane  transmission  curves  are  suppressed 
by  the  element  pattern  for  H-plane  incidence  angles.  The  exception 
to  this  is  the  narrow  null  produced  at  the  onset  of  fhe  external, 
free  space  grating  lobe  (11.4  GHz  for  6=70°,  11.15  for  0=80°).  This 
null  is  not  completely  suppressed  by  the  element  pattern.  Because  of 
the  presence  of  the  dielectric  layer,  the  grating  lobe  (which  leaves 
the  structure  at  a grazing  angle  (6-90°))  is  not  grazing  at  the 
surface  of  the  panel,  but  is  tilted  up  and  out  of  the  element  pattern 
null  [48],  As  a final  comment,  note  that  the  dip  in  the  80°  curve  at 
10.3  GHz  is  a measurement  error;  in  fact,  no  null  exists  at  this 
frequency . 

Calculated  and  measured  transmission  curves  for  the  same  bi- 
planar  geometry  over  the  second  resonance  region  (13  to  18  GHz) 
are  shown  in  Figs.  6-14  and  6-15  for  E-plane  incidence  and  in  Figs. 

6-16  and  6-17  for  H-plane  incidence.  The  agreement  between  the 
calculated  and  measured  curves  is  not  as  good  as  it  was  for  the  first 
resonance  region.  The  calculated  higher  order  resonance  peaks  are 
often  not  confirmed  by  the  measurements.  Again,  this  is  to  be 
expected  for  a finite  size  panel. 

As  mentioned  previously,  the  passband  nulls  for  E-plane 
incidence  can  be  raised  in  frequency  by  decreasing  dx  and  dy.  The 
results  which  can  be  obtained  by  this  means  are  illustrated'7 in  Fig. 
6-18.  The  arrangement  of  the  dielectric  layers  is  the  same  as  in 
Fig.  6-10.  However,  decreasing  the  interelement  spacing  has  moved  the 
unwanted  null  upward  in  frequency  and  out  of  the  passband.  Thus 
this  panel  design  has  a 0.6  GHz  wide  passband  where  the  transmission 
loss  is  evidently  less  than  one  dB  for  incidence  angles  up  to  80° 
in  both  cardinal  planes.  In  addition,  the  ratio  of  the  80°  E-plane 
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Measured  transmission  curves  corresp 
to  the  calculated  curves  of  Fig.  6-9 
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for  a biplanar  array  of  4- legged  symmetric  loaded  slots 
arranged  as  shown  in  Fig.  6-8.  H-plane  incidence. 
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’’eatjred  transmission  curves  corresponding 
to  toe  calculated  curves  of  Fig.  6-16. 


3 dB  bandwidth  to  the  80°  H-plane  3 dB  bandwidth  is  approximately  2:1. 
This  is  a substantial  improvement  over  the  situation  shown  in  the 
preceding  section  for  biplanar  arrays  without  dielectric  layers. 


For  such  a thick  structure  the  variation  of  the  insertion  phase 
delay  with  incidence  angle  can  be  a problem.  In  Fig.  6-19  we  show 
curves  of  the  phase  <p  of  the  transmission  coefficient,  where  T=|Tl/>. 
These  phase  curves  are  plotted  vs.  frequency  for  1°  E-plane  and  60”^ 
and  H-plane  incidence.  The  curves  marked  square  correspond  to  the 
biplanar  panel  of  Fig.  6-18.  The  "interlaced"  curves  are  for  the 
same  biplanar  panel  with  the  or.e  change  that  the  slots  are  arranged  in 
an  interlaced  grid  (i.e.,  a=45°  instead  of  90c , see  Fig.  6-1).  The 
transmission  curves  for  the  interlaced  panel  are  virtually  the  same  as 
those  in  Fig.  6-18. 

If  we  examine  the  square  grid  (a=90°)  curves  in  the  resonance 
region  (at  f=9.4  GHz,  for  instance)  we  find  that  when  the  incidence 
angle  changes  from  1°  E-plane  to  60°  H-plane  the  insertion  phase  delay 
decreases  by  about  46°.  When  the  incidence  angle  is  changed  from  1° 
E-plane  to  60"  E-plane  the  phase  delay  is  decreased  by  74°.  A few 
degrees  improvement  in  each  case  can  be  obtained  by  going  to  an  inter- 
laced grid  (o=45°).  This  change  in  phase  delay  is  undesirable.  It  can 
be  reduced  somewhat  by  more  sophisticated  panel  designs.  Vet  it 
should  be  pointed  out  that  this  change  in  phase  delay  is  no  greater 
than  that  introduced  by  a typical  dielectric  radome  [5], 
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Figure  6-19. --Phase  of  transmission  coefficient  for  a biplanar  array 
The  curves  marked  "square"  are  for  the  biplanar  array 
of  Fig.  6-18.  The  curves  marked  "interlaced"  are  for 
the  biplanar  array  of  Fig.  6-18  but  with  the  slots 
arranged  in  an  interlaced  grid,  i.e.,  every  other  row 
of  slots  shifted  right  by  d /2. 


CHAPTER  VII 
SUMMARY 


Moment  method  solutions  have  been  developed  which  enable  the 
designer  of  metallic  radomes  to  calculate  the  transmission  coefficients 
for  metallic  slot  arrays.  The  geometries  considered  were  1)  thick 
slot  arrays  covered  with  dielectric,  2)  thin  slot  arrays  covered  with 
dielectric,  and  3)  biplanar  slot  arrays  covered  with  dielectric.  The 
slot  shapes  considered  were  1)  rectangular  slots,  2)  single  loaded 
slots,  3)  4-legged  symmetric  slots,  and  4)  3-legged  syrrmetric  slots. 

The  wide  range  of  geometries  and  slot  shapes  considered  makes  this 
set  of  solutions  a powerful  tool  for  resonant  slot  array  analysis  and 
design,  and  thus  will  aid  considerably  in  designing  new  metallic 
radomes  for  a wide  variety  of  applications. 

In  conjunction  with  investigations  of  the  effects  of  thickness 
on  resonant  slot  arrays  a solution  for  the  transmission  through  a 
thick  rectangular  waveguide  iris  was  obtained,  and  from  this  solution 
considerable  insight  into  the  effects  of  thickness  on  metallic  radomes 
was  obtained. 

In  order  to  obtain  a proper  understanding  cf  this  work  certain 
basic  information  on  resonant  slot  arrays  and  their  application  as 
metallic  radomes  is  required.  Thus  a concise  review  of  the  basic 
properties  of  resonant  surfaces  is  contained  in  the  introduction. 


M 
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APPENDIX  A 

WAVEGUIDE  MEASUREMENT  OF  EQUIVALENT  IMPEDANCE 


The  waveguide  hardware  used  to  determine  the  reflection  coef- 
ficient for  a slot  in  a waveguide  is  shown  in  Fig.  A-l . The  wave- 
guide frequency  range  is  2.6  to  3.95  GHz.  The  Polorad  source  is 
modulated  externally  by  a 1,000  Hz  fork.  Frequency  is  measured  with 
a resonant  cavity  frequency  meter  since  a precise  determination  of 
the  frequency  is  necessary  for  this  measurement  technique.  The  SWR 
and  voltage  minimum  are  measured  with  the  slotted  line  and  SWR  meter. 

In  order  to  verify  the  Modal  Analysis  calculations  of  Chapter  II 
we  need  to  determine  the  equivalent  impedance.  The  concept  of  the 
equivalent  impedance  is  discussed  in  Chapter  II.  To  determine  the 
equivalent  impedance  of  a slot  the  following  data  must  be  measured: 

1)  Frequency;  2)  SWR;  and  3)  distance  between  slot  in  flange  and  the 
first  voltage  minimum.  With  this  information  the  calculation  of  the 
equivalent  impedance  is  straightforward. 

If  one  desires  to  measure  transmission  loss  for  a thick  slot,  the 
apparatus  sketched  in  Fig.  A-l  may  be  also  used  to  detennine  the 
magnitude  of  T.  With  the  apparatus  connected  as  shown  in  Fig.  A-l 
the  maximum  voltage  V,px  and  the  minimum  voltage  Vmin  of  the 
standing  wave  on  the  input  side  of  the  slot  are  measured  with  the 
slotted  line  and  SWR  meter.  Then  the  slot  is  removed  from  between 
the  flanges  connecting  the  slotted  line  and  the  load  and  placed 
between  the  flanges  connecting  the  slotted  line  and  the  waveguide  to 
coax  adapter.  All  flanges  are  tightened,  and  the  value  of  V^  (see 
Fig.  2-2)  is  now  measured  on  the  slotted  line.  With  this  information 
one  can  readily  evaluate  1 T j using  transmission  line  theory. 
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igure  A-l  .—Waveguide  equipment  used  to  measure  the  reflection 

coefficient  and  equivalent  shunt  impedance  of  a slot. 


APPENDIX  B 

EVALUATION  OF  MODAL  INTEGRATIONS 


In  order  to  solve  the  integral  equations  of  Chapters  IV,  V, 
aj  d VI,  integrals  of  the  form  Jbebjx^pq‘ zds  must  be  evaluated.  The 
functions  come  from  the  transverse  magnetic  field  Floquet  mode 
functions,  and  from  Eqs . (3-14),  (3-15),  and  (3-50)  are  given  by 


(B-l ) 


pq 


TE 


(B-2) 


pq 


/d  d 

x y 


pq 


u 

T^~ 

pq 


4 

y : u 


pq 


TM 


with  Up,  V pq , Tpq , and  ypq  £iven  by  Eqs.  (3-7),  (3-8),  (3-19),  and 
(3-18),  respectively.  Tne  ehj  modes  are  defined  in  Eq.  (3-69)  for 
rectangular  slots,  Eq.  (3-73)  for  single  loaded  slots,  and  Eq.  (3-76) 
for  the  3-legged  and  4-legged  symmetrical  loaded  slots. 


The  integral  can  be  evaluated  in  closed  form  for  all  of  the  ebj 
modes  in  a quite  strai ghtforward,  although  somewhat  tedious,  manner. 

We  shall  illustrate  this  for  the  single  loaded  slot,  and  then  give  a 
Fortran  computer  code  which  can  be  used  to  evaluate  the  integral  for 

any  of  the  e^.  modes  given  in  Chapter  III.  The  integral  /b^bjx$pq'zds 

can  then  be  quite  easily  obtained,  since 


(B-3 ) 


•zds 


n 


xt 


pq 


★ 


This  follows  from  noting  that  all  of  the  ebj  mode  functions  are  real 
functions . 

In  Fig.  B-l  we  have  divided  the  single  loaded  slot  into  5 straight 
regions  with  the  6 points  P]  through  P5.  Referring  to  Eq_;_  (3-73)  we 
can,  with  suitable  coordinate  substitutions,  express  the  ebj  modes  in 
each  of  the  5 regions  at  z=0  as: 
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REGION  2-3 


REGION  1-2 


P,  ~ (x,  , Y|) 


Figure  B-l Single  loaded  slot  divided  into  linear 
regions  by  points  P]  through  Pg. 


(8-4) 

Region  1-2: 

Gbj 

= y 

sin(j^-(x-y4)  - jr)  = y 

(B-5 ) 

Region  2-3: 

eb.i 

= . 

x sin(^-(y-x4-y4)  - ^-) 

(B-6) 

Region  3-4: 

ebj 

= y 

sinlip  - f)  = ; ebJ 

(B-7) 

Region  4-5: 

6bj 

= X 

sin(^(x4+y4-y)  - = 

(B-8) 

Fegion  5-6: 

6bj 

= y 

sin(^(x+y4)  - |l)  = y 

where  T is  the  total  length  of  the  slot  (T=2xg+2y4).  Due  to  symmetry, 
once  the  quantities  X4,  y4,  xg,  and  b are  specified  the  dimensions 
of  the  slot  are  completely  determined. 

We  now  have  the  euj  modes,  the  scalar  eM  modes,  and  the 
function  expressed  in  tne  same  coordinate  system,  and  can  proceed  to 
evaluate  the  integral.  We  note  that  the  function  is  constant 


except  for  the  if/pq  term.  Therefore  we  shall  first  evaluate  the 
integral  e^j  Vpqds  over  the  5 straight  segments  of  the  loaded  slot. 
After  these  results  are  obtained,  it  will  be  quite  simple  to  take  the 
required  dot  and  cross  products,  include  the  constant  terms  in  Eqs. 
(B-l),  (B-2),  and  obtain  the  final  results. 


P4.  We  thus  define 

(B-9 ) TEM3  = 1 

rX4 

y4+b/2 

j 

"X4 

Vb/2 

sin(iy£  - ^-)  <kpq  dydx 


Substituting  for  1^,  and  noting  again  that  2=0,  we  obtain 


(B-10) 


TEM3  = 


j sin(ip  - |^)[cos(Upx)  - j sin(Upx)]dx 
~x4 


,y  4+b/2 

y4-b/2 


e 


V y 

pr 


dy 


In  order  to  make  our  bookkeeping  a little  easier,  we  shall  at  this 
point  define  the  following  computer  subroutine  calls  in  terms  of  the 
tabulated  integrals  [54]  which  they  evaluate: 


(B-l  1 ) 


SS(A,a,B,S,x-j  ,x2) 


fx2 

sin(Ax+a)  sin(Bx+8)dx 
Jxl 


(B-l 2 ) 


SC(A,ot,B,8,x*j  , x 2 ) 


sin(Ax+a)  cos(Bx+B)dx 


(B-l 3)  CC(A,a,B ,8,x1 ,x2) 


COS ( Ax+a ) COS(Bx+0)dx  . 
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If  we  now  define  and  evaluate  the  integral 


(B-14)  17  = j 


n — si n ( V -K-)  e 

pq  ^ 


Y4-b/2 


V = 0 

pq 


(B-15)  TEM3  = [SCOfV  ilfUp,0,-x4,x4  )-/SS0}V  ^,Up,0,-x4 ,x4) ]•  1 1 


where  all  of  the  quantities  to  the  right  of  the  equal  sign  can  be 
readily  evaluated  via  the  computer. 


One  might  now  anticipate  that  we  can  similarly  deal  with  each  of 
the  remaining  straight  regions  of  the  loaded  slots  separately,  com- 
bine the  results,  and  obtain  the  desired  answer.  This  would  be  the 
case  were  it  not  for  round  off  error.  For  an  example  of  the  diffi- 
culties which  may  arise,  consider  a certain  $^Jq  mode  which_,  because 
of  the  symmetry^of  the  loaded  slot,  couples  with  a given  ebj  mode  such 
that  /bebj '^pq’^ds  is  a real  quantity.  When  evaluating  this  integral 
one  might  find  in  evaluating  the  contributions  of  the  various  straight 
segments  that  the  integrations  over  region  2-3  and  region  4-5  had 
non-zero  imaginary  parts.  These  two  imaginary  contributions  would 
then  cancel  when  added  together.  Due  to  round  off  error  these  two 
imaginary  contributions  would  not  cancel  exactly  when  added  on  the 
computer,  but  instead  the  result  would  have  a small  imaginary  part.  II 
was  found  that  this  incorrect  result  could  lead  to  incorrect  answers 
when  the  resulting  system  of  equations  was  solved. 


In  order  to  eliminate  this  source  of  error  the  contributions 
of  segments  of  the  slot  which  might  cancel  one  another  must  oe  added 
in  closed  form  rather  than  by  the  computer.  Thus  we  now  combine 
the  portions  of  the  j b ebj  i^pqds  integral  taken  over  regions  1-2  and 
5-6  as  follows: 


(B-16)  TEM15  = 


~x4 

b/2 

"X6 

-b/2 

b/2 

si  n[ 

— b/2 

sin[jf  - f ]*pq  dydx 


si n[ip  + — dydx 
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After  some  simplification  this  integral  can  be  written  as 


b/2 

(B-17)  TEM15  = cos (V  y)dy 


1 -b/2 


PQ 


'x 


6 


i-cos  ( jir)[cos  (1)  x)+/si  n(U  x)]+cos  (U  x- /si  n(U  x))  dx. 

P P P P 


We  now  define  and  evaluate 


/ 2 V__b 


b/2 

(B-18)  II  = I cos  (V  y )dy  = 
’-b/2  pq 


pq 


-\a*0 


b,  In  = 0 
pq 


(B-19 ) 12  = SCOfl  ^ - & Up,  0,  x4,  x6) 

(B-20 ) 13  =( 


T~ '*  ~~T~  " Up»  0>  x4 ’ V 


ssoK 


0,  Up  = 0. 


Now  combining  B-17  through  B-20  we  obtain 


(B-21 ) TEM15  = II  • 


2 12  ; j=l ,3,5,7  ,■ 

■ 2/  13;  j=2 ,4 ,6 ,8 


In  a similar  manner  we  proceed  to  evaluate  the  portions  of  the 
/ beb j^pqds  integral  taken  over  regions  2-3  and  4-5: 
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(B-22) 


TEM42  = 


fX4+b/2 

^-x4-b/2 


x4+b/2 

x4-b/2 


dydx 


where  the  negative  sign  in  front  of  the  first  integral  is  due  to  the 
- x vector  direction  of  the  mode  in  region  2-3  as  expressed  in 
Eq.  (B-5).  After  some  simplification  we  can  obtain 


(B-23)  TEM42  = - j * sin(^  ••  ^ - ^-)[cos (Vpqy ) -j  sin 


pq 


f 

fvb/2  n 

COS  ( jir ) • 

(cos (U  x)-jsin(U  x) )dx 

l 

Jx4-b/Z  p p 

x4+b/2 


x4-b/2 


(cos (UpX)+/si n(UpX) )dx ^ . 


We  now  decompose  Eq.  (B-23)  into  the  following  expressions: 
(B-24)  14  = SC(^L,  - 


>x4 

J'y4  ji 

If  U 

~ r ' 7 

’ Vpq’ 

jrx4 

J^4  _ | 

ir  .. 

T ‘ 

Vpq» 

(B-25)  15  = 


x4+b/2 


x4-b/2  p 


co$(U  x)dx  = ( p 


g-  cos(U  x4)sin(U  b/2),  U *0 


d,  Up=0 
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/ 


rX.+b/2 

(B-26) 

16  = 1 

si n(U  x)dx 

j 

x4-b/2 

V 

Combi ni ng 

Eqs.  ( B- 23 ) to  (B-26)  we 

2 i 16, 

i _ 

(B-27) 

TEM42 

= - 14  • < 

2 15, 


g-  sin(Upx4)sin(Upb/2),  U^O 

0.  up=o. 


j-1 .3,5.7 
j=2,4,6,8  . 


Finally,  if  we  now  combine  the  results  of  Eqs.  (B-l)  through 
(B-27)  and  take  the  required  dot  and  cross  products  we  obtain 


JL.  . — ' — . [-U  (TEM15  + TEM3) 

pq  >'dxdy  p 

4Vq  • TEM,2:l 

•r-  ■ 7=1=  tV„Q<TEMlS  + TEM3) 

Tpq  M 

+U  „ • TEM42] 
pq 

for  the  single  loaded  slot  modes.  In  a similar  fashion  the  integral 
has  been  evaluated  for  the  3-legged  and  4-legged  symmetric  loaded 
slots,  and  the  results  for  all  three  slot  types  were  programmed  In 
Fortran.  The  resulting  program  is  listed  at  the  end  of  this  appendix. 
Note  that  the  rectangular  slot  mode  integration  for  g=0  (see  Eq. 

(3-69)  can  be  obtained  from  the  single  loaded  slot  results  if  we  let 
Y4=0  and  set  X4=X6. 

We  will  now  give  a brief  description  of  the  input  and  output 
variables  of  the  computer  program.  Referring  to  line  1,  the  output 
is  the  complex  variable  EBPHI.  The  value  of  the  computer  function 
EBPHI  and  the  call i ng  parameters  are  most  easily  defined  for  the 
single  loaded  slot  e^j  modes  as  follows: 


(B-28) 


ebj  x 


zds  = 


(B-29) 


ebj  * *pq 


zds  = 


(B-30)  EBPHI ( IP ,IQ, IR,IF ) = j efa(IF)  x*[j|SjIQ)  ' zds. 
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The  remaining  input  variables,  located  in  the  COMMON  blocks  of  lines 
]2  and  15-17,  are  defined  as  follows  for  the  single  loaded  slot 
_t'b  j modes : 


TABLE  B-l 

COMMON  INPUTS  FOR  SINGLE  LOADED  SLOT 


Variable  Name 

Val ue  or  Descri ption 

IANTP 

1 

ICALC 

1 

DX,  DY,  ALPHA 

dx,  dy,  a of  Fig.  3-2 

AD  1 H 

T;  total  length  of  slot 

BDIM 

b;  slot  v.i  dth 

XX4  , YY4 , X6 

x4*  ^4 » x6  of  Fi 9*  B-] 

UPOD , '/PCD,  iPQD 

U , V , T 

p * pq  pq 

Note  that  consistent  length  units  must  be  used,  e.g.,  the 
slot  dimensions,  etc.,  are  expressed  in  meters  then  Up,  VPq,  Tpq 
will  have  units  (meters)"^.  The  COMMON  block  variables  or  Function 
EBPHI  which  are  not  listed  in  Table  B-l  are  not  used  for  the  single 
loaaed  slot  calculations. 

Using  the  subroutines  to  evaluate  /bebjxipq'zc^s  f°r  the 
3-legged  or  4-legged  symmetric  slots  requires  only  a few  changes  in 
the  input  variables.  The  e^j  modes  for  these  two  slots  are  given  by 
Eg.  (3-76)  as: 


( sin(l?l)et'“nZ  Hi' 


(3-76)  ebj  - 


j-1.3,5;  n ■ ^ 


+yr  z 

cos(^)e"  n G(A)  j=2,4,6,8;  n = | 


Thus  for  these  symmetric  slots  there  are  two  modes,  the  sine  and  the 
cosine  mode,  for  each  value  of  n. 

For  the  4-legged  syrrmetric  slots  not  all  of  the  modus  will  be 
exci ted  when  the  incidence  angles  are  in  the  cardinal  planes.  For 
the  calculations  of  Chapter  V only  the  sine  modes  were  used  for 
H-plane  ($=0°)  incidence  angles.  For  L-plane  (f=90°)  the  sine  modes 
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were  used  for  n odd  and  the  cosine  modes  for  n even.  The  EBPHI 
function  is  thus  programmed  as  follows  for  the  4-legged  slot  modes: 

1)  The  input  variable  IF  corresponds  to  n in  Eq.  (3-76). 

2)  For  H-plane  incidence  angles  the  integral  will  be  evaluated 
for  the  n=IF  sine  mode. 

3)  For  E-plane  incidence  angles  the  integral  will  be  evaluated 
for  the  n=IF  sine  mode  if  IF  is  odd;  for  the  n=IF  cosine 
mode  if  IF  is  even. 

The  remaining  input  variables  are  explained  in  the  following  table: 


TABLE  B-2 

COMMON  INPUTS  FOR  4-LEGGED  SLOTS 


Variable  Name 

Value  or  Descri ption 

IAN  rp 

4 

I EH 

1 for  E-plane  Incidence; 

2 for  H-plane  Incidence 

ICALC 

1 

DX,  DY,  ALPHA 

d , d , a.  Of  Fig.  3-2 

ADIM 

4 • c ^ 2 • d 

BDIM 

b,  slot  width 

XX4 

d/2 

Y4 

0. 

X6 

d/2  + c 

UPQD,  VPQD,  TPQD 

U , V , T 

p pq  pq 

The  b,  c,  and  d dimensions  are  defined  in  Fig,  3-11.  Again,  those 
COMMON  block  variables  not  specified  in  Table  B-2  are  not  used  for 
the  4-legged  modes 

The  input  variable  descriptions  for  the  3-legged  slot  integration 
are  quite  similar  to  those  for  the  4-legged  case.  The  major  dif- 
ference is  that  for  the  3-legged  slots  both  the  sine  and  cosine  mode 
integration  values  may  be  required  for  a given  value  of  n (Eq.  (3-76)). 
Therefore  the  EBPHI  subroutine  is  programmed  to  evaluate  the  desired 
integral  with  the  3-legged  e^^  modes  as  follows: 


228 


1 

i 

% 


i 

1)  The  input  variable  IF  corresponds  to  n in  Eq.  (3-76). 

2)  The  sine  mode  integration  will  be  evaluated  if  the  input 
variable  ISC  (line  12)  is  set  = 1. 

3)  The  cosine  mode  integration  will  be  evaluated  if  ISC  = 2. 

The  input  variables  for  the  3-legqed  slot  modes  are  given 
below: 


TABLE  B-3 


COMMON  INPUTS  FOR  3-LEGGED  SLOTS 


Variable  Name 

Val  ue 

or  Description 

IANTP 

3 

I CALC 

1 

ISC 

1 for 

sine  mode 

2 for 

cosi  ne  mode 

DX,  DY,  ALPHA 

dx’  dy 

. a;  Fig.  3-2 

ADIM 

3 • c 

+ 1.5  • d 

BDIM 

b 

XX4 

c 

YY4 

d 

UPQD,  VPQD , TPQD 

U , V , T 

p*  pq  pq 

The  b,  c,  and  d dimensions  are  defined  in  Fig.  3-12  for  the 
3-legged  slot  modes , 


The  Fortran  listing  of  the  computer  program  follows, 
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Computer  Listings 


1 r ohple v function  eopki ( ip. io. ik.ifi 

2 r FOR  SINGLE  coAnro  SLOTS  TAMTP  = 1 

3 C FOR  3-1  EGGF  0 SlOTS  iANTPsi 

4 c F(.R  4-LEbGE!.  SI  OT  TAfiTP  = u 

5 COUPLET  FL4.IF5.FL2.IFJ2.FL3.1F11 ,FL1 

6 COMPLEX  IT10.TL1.TI.23, ITU, ITU, TLH5X.T!  u5Y , TL67X , Tl 67Y , 

7 2TLb3X.TLe9Y.IT7.ITl7.lT20 

6 (>£ A L ITl , IT?  , IT3.  ITT.  ITS.  I TA.  I Tfi,  IT9.1T1  ?,  IT13.  IT15.  iTlfe, 

9 2TUfl.Ul9.IT2l  .ITH2.  It23«  1 T?4  , U25.  TT26.  TT27,  IT20.  I T/9, 

10  3TT30, IT31, IT}?, JT33, 1 T34,ITSS, iT36. IT37, T T3fl, IT39. 1T4  0 

11  Pf  AL  IFl.IF2,IF3.IF4,lFf,,iF7,IFr.,IF9.IMn 

12  rcWNON  /PGUP/  TAT  TP. IEH. ICALO . ISC 

13  RLAL  UAfiFiOA,  11, 12.  Ii,  15.16. E30LI2)  « THRD1.  (2) 

14  roePLCx  j 

15  ; ruA'.OU'J  TUTA, PHI, LA.^BOA, FROL, ox, nv, ALPHA, THKnL.ADIF., 

lb  t kPoU*  X>  4,  YY4  , yft 

l74r  COMMON  /PaRKET/  UPOO.vPOn.TPOO 

10N<  ro*PLt>  TEei  5ur^42,Tf  M3, 14, T7, SUM 

19  peal  IC2.ICb.IC0 

20  CCKPLCX  IC3.ICl.IC4.lC5.IC7.IC9 

21  PEAL  19 

22  COUPLE*  Ifl , I UT1 4 . 1975 

23  F20=l. 

24  CON*!. 

25  PI=3, 14159265 

26  .)=  ( 0 , . 1 , ) 

’d  TFlIAA. TP.CG.4)  GO  TO  22 

28  TF ( IANTP.EG.3)  GO  TO  60 

29  TF ( ICALC.NL, 1 > GO  TO  ??1 

30  X4=XX4 

31  Y4=YT4 

32  TG=0 

33  Tl=BOIM 

34  TF( ABS ( VPOO) .LT.1.0E-5)  GO  Toi 

35  Hs2,*SIN<VPuOa-BUIm/2, 1/VPCO 

3b  1 rPA=lF*Pl/AUlK 

37  FP2=  I FTP  1/2 . 

36  T2=SC  lFPA,FPA*T4-FP?,L!PQn.O  . .X4.X6  ) 

39  T 3-0. 

40  TF (ARS(UPQO) .LT.10.E-5)  GO  TO  2 

41  T3=SS(FPA,FPA#Y4-FP2.llPQn,0.  ,Xh,X6) 

42  2 TEM15=?,*U*  < I?*F  LOATU'Ont  1F.2  J ) -COP*  J*I  X*FLOAT  ( 1 -MOO  ( IF  .?  ) ) ) 

43  !4  = SCUPA,-F  PA*l  X4*T4)-FP2.  VFOu.o.  .P.  .Y4  >*J*n. 

44  TFlAHSCVPPOJ.LT.l. «■£-*>)  CO  TO  3 

45  T4  = 14-l0ri*J*SS(FP’A,-FPA*(X44T4)-FP2.VPU  ’,0,.fi,  . Yu> 

46  3 t&sBDI-* 

47  16=0. 

46  IFUHSlUP'wU)  .l.T.l  ,tE-5>  GO  TO  4 

49  Tb=2.*COSUJPQO*X4 ) *SlN < UPUD*pn IM/2 . ) /uP on 

50  16=2.  •Siw  (UP  On* XU  ) *SIPi(UP(.C’*nr  IM/2.  )/i:FOn 

51  U Tpr.u^s^.*  14  • (COfl*  J*Ib*FL0A  T ( !>OU(  IF  , ? 1)  * 1 *S*FLO  AT  U -*00 1 T F . ? ) ) 1 

32  17=GOln*J*0. 

53  IF (ABS( VPQU)  .IT.1.PE-5J  GO  TO  10 

54  I7  = 2.*SIN(  Vf'LO*tU'I  v/2.  )*CLXP(  -LUPi*U*VP0r*Y4)  /VP30 

55  10  SSTE.4=G. 
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56 

57 

50  ft 
6‘J 

60  ?21 

61 

62 

63 

64  7 

65  0 

66 
67 

60  ?2 

69 

70 

71 

72 

73 

74 

75 

76 

77 
70 

79 

00  40 
81 
82 
83 
64 

85 

86 
87 

80 
e9 

90  80 

91 

92 

93 

94 

95 

96 

97 

98 

99  81 
100 

101  r 

102 

103 

104 
10b 
106 

107  .82 

108  r 

109 

110 


TPtABS(UPQD) .LT.1.0E-5)  GO  TO  6 

SSTEH  = 9S(F  PC  «-rP2  . 1'PQf).  0 . .-XU  .X4  ) 

TeW3=I7*<sC(frrAi-frf-,2.UpQntO..~X4*X4)-J*rnij*ssTff'i) 

TEM42  = -TEv,42 
continue 

IF  ( IR.<  0.2)  GO  To  7 

SUM=-E2  0*L‘POD*  < Tt  *.15+Tr M3  I +E?0*VPQ0*TCft  4 ? 

r. o TO  ft 

SUM  = r20*VPOO*  (TEM?  + TEMS)+E2A*UPR0*TLN4  2 
CONTINUE 

FsPHl=SUiV<  TPQp*SORT  ( PY*DY  ) > 

f-0  TO  21 

CONTINUE 

IF ( 1CALC.NE. 1)  GO  TO  51 

X4=XX4 

Y4=YT4 

FPAsIF+PI/AlIM 
c = x 6-Xi. 
n=2.*X^ 

Y1  = X4 
Y2  = X6 

Fp2=IF«Pl/2. 

TF(1CH.CG,2)  GO  TO  40 
TFCMOJUF.id.FO.O)  GO  TO  41 
CONTINUE 

TFl=SC(FHA.-FP?.UP00*0.»-X4tY4) 

IF?=U. 

IF6=90IM 
TF8  = 0, 

TF11=(0.«0. ) 

TF<A8S(SlN(UPOn*PDIB/2, ) ) .LT.l.OE-bl  GO  TO  30 

IF2  = SS(FPA,-FP?,L'pw0.0.,-X4,v4) 

TF8  = 2.  »SINI  OPOn*X«H  *S1M(  IIPfct’»‘3UIM/2.  )/UPoi3 

ip6  = 2.  +CUS<  l'PQn*X4)*SlMl)PGn*0uiM/2.  )/UPCJ 

CONTINUE 

TF3=2.*BDIM 

TF4=2.*BUIM 

TF7  = SS ( -FPA ,FPA*<  X6  + X4 ) . VPGD . 0 . , X4  . X6  ) 

IFVsSC  ( VPt'J  .0,  ,-F  PA  ,FPA*»  X4+Xft  ) ,X4  ,X£  ) 

TF10sS9lFPA ,0..VPUOi0. ,0. ,X4) 

TP  ( A(<5(  SI’,(  VFon*'  'iI>/2.  ) > .LT.l  .OF -5)  60  TO  Si 
TFS  = 4.*COS(  V'P&"*Y2  >*Sjr  U'P(?n*Pi)Tf«/2,  )/Vi'00 
TF4  = 4,*C0S(  VPC)n*Xu  J*S1 N<VP 00*80 IP/Z.I/VPOD 
CuMTIW.'E 

TF  ( v)OU(  IF. 2 ) .£0.0  ) GO  TO  52 
IF  IS  "Pj 

TF5  = -2.*CriFPA,FrA*C.I.'r  an,G..X4,Xfc)*SlMFP?)*J*0. 

IF  < AUS  ( SIM  JPf'.i*!.  L*  I 4/2.  I)  .OT.1  . UE  -b)  I F 1 1 =-4  * 0*S  I • ' < UF  On*  »6  I 
2 *SIN(  UP«C*90Jiw/r  . I/UPOO 
T F 12  = 1 F 0*  1 F 9*STIMFP2) +0*0. 

60  TO  53 
FONT  I NOE 
TF  IS  EVEN 

1F5=-2.*J*SS(FPA,FPA*C.UP0D.P. .X4,X6)*C09(FP2) 
1F11=2.*B010+J*0. 
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111 

112 
113 
11** 
lit) 
lift 
117 
lift 
119 
12d 
121 
122 
123 
121* 

125 

126 
127 
12tt 

129 

130 

131 

132 

133 
13ft 

135 

136 

137 
130 

139 

140 

141 

142 

143 

144 

145 

146 

147 
lftfl 

149 

150 

151 

152 

153 

154 

155 
1 5fr. 
157 
150 

159 

160 
161 
162 
163 
16ft 
165 


IF  < ABS<  SIM(UPOn*BC'I'1/2.  )I  ,GT.l.n£-5»  IFl  1 =4  . *C0S  ( llPQDMb  ) 
?*sXN(iirQL'*Rrir-i/?«  i /up(,'t>*j*o . 

TF12-«J*1F6*IF7*60$(FP2> 

S3  CONTINUE 

FLl=2. *J*IF10*tf1 1 

rL2  = If  4*IF5 

F L 3=4  • ♦ I ft  12 

ci.ft  = IK3*  ( 1H-J*IF  2 ) 

GO  TO  31 
ftl  roMTIMJE 

TC2=0. 

Tc5  = J*'''.+?.*cc((-4;10iO.*FPA*-FPA*(  X604)  , Xft . Xft,  ) *H  OAT  ( 

2 1 «MOt)  ( I P i 2 ) ) 

TC7  = «2.*lif.iIw*F(  OAT  (MOO  (IF.  2)  }4j*0. 

IC9=0*0«"<'«*(J0I*'-4  FLOAT  (MOu  ( IF  , <;  ) ) 

IF<A0S(UPCl)).I.T.l.(iE-S>  AO  TO  H 4 
TC2  = SC(LiP0Ui0..FDA.2.»PPA*X6.-X4.y4) 

TC5=2.*FLCAT  <1  -MCO(  ir,2)  )«cc  (UPOO.O.  .Ppr,  ,-FPA*(Xf,  + X4)  , 
2r*M  X6)  + 2*  *0*Fl.nftT  ( MOU  ( IF. £ ) ) *SC  (UPWD»  o ,.fpa*»fpa* 

3(xft+xft) « Xft . y 6 ) 

Tc7  = -4.*o*ri0AT<l-f'0IM  IF.  at  ) *SIN(UP0(  *X4  >*SlN(UPfJO 
2*001*1/2. ) /UPGO  -4 . »FL 0 AT (MOO t IF ,2 ) >*COS  ( tlPQ0*x4  i 
3*SIN(UP0C)*PftIM/2,  ) /UPOO 

TC9s-4,*SlMUPnf>*PC  I’-'/c.  )*(FL  PAT  (MOOt  IF  . 2 ! ) *roS ( uPGD* X6 > 
2+FL0AT»l-M0C(IF«2)  ) *SIN  <HP(,0*X6  ) *J  > /UPQn 

44  CONTINUE 
IC?=0*0. 

IC4=J*d, 

IF  <ABi><VPGtl)>  .LT.l  .OE-5)  GO  TO  45 
TC3s-ft.*J*SlN< \<P(;d*x6)*SlM(  vP0u*nulM/2 . ) /yP Co 
IC4=-4,*J*SIN  ( VP00*X4  ) *Sli\l(  VPOO*ROI^/2,  ) /VPQn 

45  r.ONTI.'Ji'E 

ICl=CC<FPA»2.*FPA*X6«UPGn»0. . -X4.X4) 

2 - J* IC2 

IC6  = ?.*CC ( VPOO ,0. iFPA,FPA*C,X4 , xf  ) 

TCfl=CC(FPA.O.  ,VPUO,0.,-X(|,Xft) 

FL.4  = IC1*1CS 
F|_2  = lCn*IC5 
FL?=Kft«lC7 
Fl1sICa*1C5 

51  roUTlNt'E 

TFdR.fO.2l  60  TO  34 

FjPHI=''PttO*  (FL  1 +pL3)  -llPCri*<  FL  2 + FL4  » 

NO  TO  35 

34  rn(’HI='ipw[  *(FL1+Ft?)+VPQ0*(Pl  2 + Fftft) 

3ft  CONTINUE 

?b  rur,HI=rBPHI/(TPOl  ♦FURT(Oy*l-Y)  ) 

?1  ruNTIMUE 

RETURN 

ft  0 ruf|TI*."E 

TFlICALC.Nt.l ) GO  TO  8( 

FP A= IF  < PI /A 0 IK 
S4)S=SC(TI3.C> 
r = YT4 

r = xxft 
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166 

167 

160 

169 

170 

171 
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173 
179 
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176 

177 
176 
179 
160 
161 
162  c 

133 

109 

185 

186 
107 
186 
169 

190 

191 

192 

193 
199 

195 

196 

197 

198 

199 
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219 
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216 
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216 

219 

220 


A = 3.*C  + S.*C'/i'. 

Y2=D/2. 

X3=C/4.-0*SP3/4. 

X2  = -OX3 

V3=C/2.4-0#SQ3/?.«-X3 

Ytj=C*S<)3/-«!, 

Y4=C*SQ3/?,+0/p. 

X9  = X3  + (./2, 

Xb=D*ST3/2,+X3 

P=Y4-SQ3*X4 

0 = X9'f  S'  13*  Y4 

R = PPA*<  Y, +2.»C+?.*Y4) 

S=fPA*(Yc*C-2.*X3) 

V3  = VPO(i»SC3 
FPA2=2.*Ff  -A 
Uj  = UPQ('*SOo 

ISC  = 1 (-OK  SIMP  TCR^Sl  ? FOR  fOSlfJE  TERMS 
TPdSC.ro, 2)  GO  TO  70 
TTl=SC(FPA,O..VPC»OtQ.  »-Y?*Yg) 

TT2=0. 

IT5=2.*PLIM 

1T6=0. 

T T.^=** . ^Bl.'  I M 
T T 1 0 = 0 . 

TT12=SC(6PA2+V?.VPOD*P9S.UPOD,0.,X3,X9) 

2 +SC(PPA2-Vi,-vP&0*P+S«UP3r;tfi.  iX3»X4> 

1 T1 3 = 0 . 

TT15=0. 

TT16=0. 
n24  = 2.«Gcl" 

TT?5=SC("FPA2+VPPD»R»U?i-Q*UPQUtY5»Y4) 

? ♦ SC(-FPAi-VPOD«P«|J3t-C)*OPOf',  Y5.Y4) 

TT26=0, 

TT27=0. 

TT2fl=0. 

TT33  = SC(FPA2*V3»  - J PPA2  + VJ)  *xp  ,gpoo.  0.  , Xf,  Xtj) 
? 9SC  (FPA«r-V3*-<PI’f  2-V3  ) *XbiUPCu»P.  * XC  t XB  ) 
TT34=0. 

T T 35  = u . 

ITS6=0. 

TF  < Ai3S<  VPCD)  .LT.l  .OE-5)  GO  TO  61 

T T?  = SS  < Ff'A  t P . , \'P'J0 , 0,  , -Y?,  Y?  > 

TT5=4.-C0«JVPCo*Y2)*siMvP£P*B0Ii'/2.  )/VP£,() 

TT9  = 4.  -SlP'(  VPcn*LlgrP)/VPOu 
n 1 C=-vJ*lT9 

11 15=CC  ( F M?-\,  *•£-  VP(Ul*P«OP0r  . U.  ,X3,  X4  ) 

? -CC(rpA?+v3.s9-vPcrj*p,uPODtp.  ,x?.X4) 

T T 2 7 = CP  ( • r P A 2 — V P f.'  C » K , U3  ♦ — (.  • g p Q g ,Ybi  Y4  ) 

2  -CC(-PPA2+VPQn,R, g3, -&*UPG0, Ys« Y4 ) 

TT35  = CC(FpA?.\/»,  (-CPAP^VXMXF  .gpoc.O.  ,Xt  ,X5) 
? -CC(Pr’A2  + V3.-(PPP?-4V3>*XO«l|PCu,ri.,x6»X«.) 

TF  (AOSlUv-OU)  ,LT. 1.00-0)  G(.i  Tr  61 
IT16  = SC(UP0t)t0.«f-OA^-v5»r-VPo(j*PtX3.X4( 

2 -SC  (UPQt , 0.  .Fi>A?«-v3.S*VP0C'*P.X3,X4) 

TT?fl  = Sf(o3»-0*i|PSD»-FPAi;-vf:0n«Ktvt«Y4) 
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I 

2?1  2 -SC(U3.-0*UP0n,-FPA2+VPOO.R. Y5.Y4) 

222  TT36=SC(UPGO»O..FPA2-V3,  < -FPA  2*v3  I *X6  « X* . X5  ) 

223  ? -SCjtPOr,,o,,PPA2  + v3,-cfP/<2  + V?)«X6«Xf..X5J 

224  2,1  CONTINUE 

22b  = IT1-JMT2J 

22b  Tp(  AHSd'i’uDl  .1 T.l. PE-51  CO  T r 62 

227  T(.l  = *i.  ♦CEXP  (-j*i  PG.0"Xi!  »*SIfJ(UPOn*BDIM/?.  ) * ( tt1-j*IT2  ) /UPOU 

228  TTb  = SS(FPA,fPA»(Y2-X2)  , UPtO , P . , X2 « X 3 1 

2?9  Tri3=SS(PPA2+V'.VPOO*P+S,uPOM,u.,X3.X4> 

230  ? +SS ( FPA2-VX ,-VPQU*P+S.UPPO« 0 . « X3*X4 ) 

271  T 124  = 2 ,*S1P(  UPf1O»O'0I  v'i)/UPOO 

232  TT26  = SP(-FPA2'f',PPn,R.U3.-lJ*L,r,OL!,Y5»  Y4  ) 

233  2 + 5 V ( — P P A 2- YFpC  • P • U 3 • *4 *UPw,j  * Y 5 ♦ Y4  1 

234  lT34  = S.S(FPA2  + V7,-(FPA2t’V?)*XF.UPOu»0.»Xb.X5) 

235  2 4-SS  (Ff-A2-V»  * <-FpA?+VX  >*X«  .upon*  0.  .X<  . <51 

230  62  CONTINUE 

237  Tl_23=ITS«  <SC  ( FP A , FP A* ( Y 2 - X 2 1 ♦UPOO.O.  «X2«X3  ) -J*I1  fc  ) 

23b  Mll:(  lTl2“J*TT13)/2. 

239  Hl4=<  IT15-JMT161/2. 

240  TL45X  = -ITlO*mi**t,<.'3/2. 

241  Tl45Y=IT9*1T1i/2, 

242  TLC7X=-<0*IT27.IT28)*IT24/2. 

243  TL67Y=lT24*S03*(lT25+j*lT2b)/2. 

244  TLS9X  = -Ot5*CCS<IF*PI)*S93*lTlO*,IT3f)-J*!T3&>/?. 

24b  Tt69Y=ti  .b*COS(  I4*P1  )*o  . 5»I T9* ( 1 T33- J*  JT3u  1 

24b  CO  TO  CP 

247  70  CONTINUE 

248  C 

249  c.  COSINE  POCE  S 

250  r 

251  TT3=CC <FPA,0. ,vPQ0«0. ,-Y2i Y2  1 

252  IT4=0. 

253  IT7=0.*J 

254  TT8=0. 

255  Tt9=4.*BDIK 

266  T Tl 0 = 0 . t J 

257  IT?4=2 . *BDIP 

258  IT10=0. 

259  TT19=0. 

260  ITPisCC  (FPA2*V3«S*VPUO*P.UPer>,o.  *X3.X“) 

261  2 +CC<FPA2-V3«S-VPQ0*P,UPOn,0..X3.X4) 

262  TT?2=U. 

> 263  T729=CC (-FPA2+vPCO.R»U3.-0*UPOO.Y5«Y4) 

264  2 PCC  ( -FPA2-VP0  j,R*U3  i -4i*UP4j,  Yli  Y4  ) 

265  n 30  = 9 , 

26b  T T 31  = 0 > 

267  TT32=0, 

268  n?7  = 0. 

269  1 T38  = 0 • 

270  TT39=CC ( FPA2*V? • - I FPA2*V3 ) *X6  tUPGO • 0 . « X6 « X5 1 

271  2 +CC  (FPA2-V7.  (-FPA2  + VX)*X6.uPC0'»0..Xf.X5) 

272  TT40=0, 

273  TF«AUS(VPOt#».LT.l  .0E-51  60  TC  71 

274  TT9=4  .»Slf,  (VPOP*Hni»l)/VPCO 

275  TTl0=-J*IT9 
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276  TT<*  = $C(  VPQU.C.  «FP  A.  0.  ,-Y?.Y2) 

277  TT7  = -‘4.*J*SIf'(\'P&0*YS)*STfH  Vr>Q0*pnIF/2.  ) /VPGn 

276  TTl8  = SC  ( V J4FRA? , VPan*P  + S.UPOn,  i).  ,X3,  X4  ) 

279  2 *SC ( V3-FPA?, VPGD*P-S ,UFQn. 0 . , X3 , X4 ) 

260  TT31  = SC(VPC'0-PoA*P«'J3»-0*U'-’0r',  I5.Y4) 

261  ? *S':  < Vpfi.1  4FPA  .-R.l,3.-0*OPOfi,rS«  Y4  ) 

262  TT37  = SC  U-PA2  + V'«-<FPA2  + V3>  «X6.  UPGTi,  0 . «X6. X5> 

2t)3  2 -SC(PPA2-V.»,  (-FPAc  + V?)*V6,MP0l  .n.«X6,X5l 

284  IF { A8S(UPC0) .LT.l .OE-5)  PO  TO  7l 

26b  TT19  = b3(  V3  + FPA2.  VRQii»P+S.U  0^ . 0 . . X 3 . >«■  ) 

286  2 +Sr.(  V3-FPA?.  VPQO*P-S«UPCO.O.  .X3.X4) 

287  TT32  = St'(VFG0-Fr>A,8.j3.-Q*i_Pf5o.Y8,Y4) 

20C  2 +G8  ( V PGL+FPA  . *U3.-0*UPr.u,  Yb»  Y4  ) 

269  TT36=3S(F  pr?  + VX«  - (»  PA^  + V?)  *Xt  ♦ UPCIMO . « XF  , X5  ) 

290  2 -SS<FpA?-V’,«  ( -FPA2  + V3  ) *X6  . UPCJL'- * 0 . •X4.X5) 

291  71  roNTINJC 

292  TLl  = -b''lM*(  IT3-J*IT4> 

293  Tr ( A3S ( UP  uD  > .LT.l.Ob-b)  POTO  It 

294  T(.l  = -2.*CEXI,<-1t*UPG()*X2)  *SIM(UPGi0*BC1'v/?.  > * ( I T3-  J*  I T4  ) /UPUi.- 

29b  Tt8  = SC(uPCCj.Ci.  , FPA,FPfi*(  Y2-X?)  *X2.X3) 

296  IT?2  = SC  (UP5T.  ,0.  « F P A24  V3 , S + VF'OU*P  , X3  , X4  ) 

297  2 +SC  ( UPt'O « C • ♦ FP A 2“  V3 * S*  VPPO *P  * 73  « X 4 ) 

296  TT24  = 2.*SlMUFO0*?DIH)/UP60 

299  TT30=SC  (U3.-t*iJF'GU«-FPA24VP0O.«,  Y5«  Y4  ) 

300  2 +SC(U3.-Q*MPGC.-FpA2-VFGn,8tY5.Y4 ) 

301  TT40=Sr ( UPGO  * 0 , «FPA24V3,-(FPA?+V3>*X6,X6,x5) 

302  2 <SC(UPCQ»0.«FPA?-V3t<-FP/>?4i/?)*X6»Xf.,X5) 

303  72  roA'TilJUE 

304  T(  2 3 = IT7*(CC(FPA,FPA*(Y2-X2)  .UPoP.A.  » X 2 , x 3 ) -.1*1  T 8 > 

305  rri7=o,5*(!Tin-j*ni9) 

306  TT20=0.5*< IT21-J*1T22) 

307  Tl‘*5X  = -iT20»IT9*SG3/2. 

300  TL45Y=n,b*IT17*I T10 

309  Tl_67X=IT2<+*U.r*(  1T294J*IT3  0) 

310  Tl67Y=- 1T24»S03«0.5*( J*IT31-TT32) 

311  TL69X=n.b»C0S( IF*P1 )*S03*0.5*I1 9* ( IT  39-,!  U T4n ) 

312  XL  09Y=-0.5*C0S« IF*PI ) *0 .5* I T1 0 * < I T37-v» It  38 ) 

313  fln  roNTINlIf 

314  IF  ( I K » F. 0 • 2 ) C-0  TO  64 

315  FHPHI=VpU0*(TL7  4TL4  5X  + TL67X  + T189X>-UPU0* ( TL23  + TL4  5Y  + 

316  2 IL67Y+TU89Y) 

317  ru  TO  .05 

Alfa  64  CONTINUE 

31 9 »MPHl  = LP&n*(TL1+TL4bX  + TL67X  + T|.  o9X) 

32C  2 ♦VPG0*(Ti234Tl  4bV4TL67Y4TL89Y) 

321  65  ru'-TIJil'E 

32?  fhPhI  = >-  9PhI/(Tp00*?0HT  (DX*uY)  ) 

323  Re  TIJRu 

324  FMO 

325  r 

326  FUNCTION  SS(A,AIFMA,B,PETA.X1  »X2) 

327  TF<AP.S(A).tT.1.0E-I0)  PO  TO  1 

328  IF lAPStH) .GT.l.Ot - 1 0 ) GO  TO  1 

329  6S  = SIfJ(  ALPHA)  •SIN  (BETA  )*(  X2-X1  ) 

330  return 


; j 


j 

i 

i 

i 

i 

i 


235 


331  1 CONTINUE 

332  fUV  = A6S(A>+APS<R> 

3^3  tf<ABS< (A-Bl/niV) .GT.l.OF-41  GO  TO  ? 

334  SS  = -SIN<2.+A*-X?  + ALPHA*BETA)/<4.*A)  + .5*X?*C0S|  AlPhA-BFTA) 

535  2 -t-SINl  2 .*A*X1 +ALPHA  + HrTA  )/ f 4. + A > -.5*Xl*CnSJ  AlPHA-BETA  ) 

336  F.eTURN 

337  ? CONTINUE 

330  tf<abs( ( A+bJ/nrv) ,gt.i.of-4>  go  to  3 

339  Ss  = -SIH(2,*A*y:>  + AlphA-PCTA>/(4.*A)+SIM2.*A*yI  + AlPHA-6ETA  ) 

34  0 2/c4.*A)+,!j*tX?-Xll  *C0S ( ALP H AfBLT A ) 

341  SS=-SS 

342  otTURN 

343  3 CONTINUE 

3414  SSS-SI'J  ( ( A + O ) *y2  + AlPHA  + BCT  A ) /{2,»<A  + t*  M+4IN(|0-B)*X2  + Al  PH  A 

345  2 -9ETA)/(2«*<A-P>  ) * SIM  ( A+H)*X  1 + ALPHA  + BFTA  )/<?.*(  A + FU  )-SIIv 

346  A ( (A-b)*Xl+ALPHA-9eTA)/<2.*(A-b> ) 

547  RFTuR'i 

34fi  END 

349  c 

350  FUNCTION  SC< a. ALPHA, G, BETA. XI .X2) 

351  TF<AQS(A).GT.1.0r-l0)  GO  TC  1 

352  TF(ABS(BI .fal .I.0f-10)  GO  TO  1 

354  SC  = SIN ( ALPHA ) *rC.  ( PEI  A ) * < X2-V1  » 

354  P'r'TURN 

355  i CONTINUE 

356  rilV=ABS(A)+ARS(B) 

357  TF(AflS<  (A-B)/nTV)  .GT.1.0E-4)  GO  TO  ? 

356  SC=-CQS(2,*A*YR+ALPHA+BETA)/(4  , *a  >+,5*X?*SIN(  ALPHA -OFT  A ) 

359  i +C0S(?.*rt*Xl4ALPHA+bCTA)/(4.*A)-.5*Xl*STN(Ai PhA-bETA) 

36l'  RETURN 

361  ? CONTINUE 

362  IF ( ABS( ( A+B ) /nTV) .GT.l .0E-4J  GO  TO  3 

363  4C  = -C05  (2  , *A*yr>*ALPHA-PETA  ) /I  4 ,*A  ) + COS  I ? . * A * Xl  ♦ At  PHA-BFTA  ) 

364  2/<4.*A)+.5*<X2-Xl I + SIN ( AlPHA+PLTA > 

365  PtTURN 

366  3 CONTINUE 

36  7 <:c  = -CC£  <<A+B|*Y2+AlPHA+PETA)x(2,*(A+B))-COS(IA-B)  * X 2+ ALPHA 

360  ? -BETA ) /(?.*( A-B> ) + COS<  < A + B) * X 1 + ALPmA+OGT A ) /<?.*( A + B) )+C05 

369  3 ( <A-B>*Xl  + ALF'lA-BETA)/(p. •("-B)) 

370  RETURN 

371  END 

372  C 

373  FUNCTION  CC ( A « ALPHA »B, PET A • XI t Xg ) 

374  1 F ( AGS  (A).CT  # 1 . Of  - 1 R ) GO  TO  1 

375  if  I ABS(B).GT*1 .CE-10)  GO  TO  1 

376  CC=COS( ALPHA ) »COS ( RLt A ) * < Xi-Xl ) 

377  PtTURN 

378  1 CONTINUE 

379  niV  = AUS(AH-ABS(B) 

3A0  TF I ARS ( (A-P ) /(TV) .ST. J .OF-4)  GO  TO  2 

361  rC  = SlN  ( 2.  + A*X2*AlPhA  + BETA  )/<4.*A)  + .fi«X2  + rUS<  ALPHA -BE)  A ) 

302  2 -SIN(B,*ATX1+ALPhA+BeTA ) / (4. *A ) -,b*Xl*CnS ( Ai PHA-BETA ) 

3A3  return 

304  5 rONTIIIUE 

365  TP  l AnSUA  + B)/niV>  .C-T.1.0F-4)  Gu  +0  3 
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306  rC=SIN(2,*A»X2+ALPHA-OfTA|/(4.*A)-SIW ( 2 . *A*Xl ♦ALPHA-BETA ) 

367  ?/(4,*A)+.5* (X2-X1 > *COS  < A|.PnA  + P£TA  ) 

30  6 PrTIJRN 

305  3 fONTIKME 

390  rc:=Sl'l<  ( A4B)*X?4-r  LPMA  + Pf.TA  > / ( ?.♦(  A + FM  ) +S1N<  ( A-0)  *xa  + ALPHA 

391  2 -Bf.TA) /(?.*(  A-B>  >-SINMr*B  > * X 1*. ALPM A + QE T A ) / ( 2 . * ( A + t3  > )-SIN 

3<i2  3 ( ( A-B)«X1-»AlPmA-P£TA)/(?.*(  ft-U)  ) 

393  RlTURpJ 

394  FNUi 


237 


BIBLIOGRAPHY 


1.  Pel  ton,  E.L.  and  B.A.  Munk,  "A  Streamlined  Metallic  Radome," 

IEEE  Transactions  on  Antennas  and  Propagation,  Vol.  AP-22, 
pp . 799-B04,  November  1974. 

2.  Pelton,  E.L.,  "A  Streamlined  Metallic  Radome  with  High  Trans- 
mission Performance,"  Report  2989-11,  March  1973,  The  Ohio  State 
University  ElectroScience  Laboratory,  Department  of  Electrical 

Engineering;  prepared  under  Contract  F3361 5-70-C-1439  for  | 

Air  Force  Avionics  Laboratory,  Wright- Patterson  Air  Force  Base, 

Ohio.  (AFAL-TR-73-100 ) (AD  909360L) 

i 

.3.  Munk,  B.A.,  R.G.  Kouyoumjian,  and  L.  Peters,  Jr.,  "Reflection 
Properties  of  Periodic  Surfaces  of  Loaded  Dipoles,"  IEEE  Trans- 
actions  on  Antennas  and  Propagation,  Vol.  AP-19,  pp.  612-617, 

September  1971. 

4.  Munk,  B.A.  and  R.J.  Luebbers , "Transmission  Properties  ot 
Dielectric  Coated  Slot  Arrays,"  Report  2989-8,  February  1973, 

The  Ohio  State  University  ElectroScience  Laboratory,  Department 
of  Electrical  Engineering;  prepared  under  Contract  F33615- 
70-C-1439  for  Air  Force  Avionics  Laboratory,  Wri ght-Patterson 
Air  Force  Base,  Ohio.  (AFAL-TR-73-26)  (AD  907628L) 

5.  Munk,  B.A.,  R.D.  Fulton,  and  R.J.  Luebbers,  "Plane  Wave  Expansion 
for  Arrays  of  Dipoles  or  Slots  in  Presence  of  Dielectric  Slabs," 

Report  3622-6,  The  Ohio  State  University  ElectroScience 
Laboratory,  Department  o*  Electrical  Engineering;  prepared  under 
Contract  F3361 5-73-C-ll 73  for  Department  of  the  Air  Force, 

Wright-Patterson  Air  Force  Base,  Ohio.  (In  preparation). 

6.  Bathker,  D.A.,  S.A.  Brunstein,  and  A.C.  Ludwig,  "Dual  Frequency 
Microwave  Reflex  Feed,"  U.S.  Patent  Application  Ser.  No.  290,022, 
filed  September  18,  1972. 

7.  Ryan,  C.E.,  Jr.,  "Experimental  Study  of  the  Ohio  State  University 
Tuned  Reflector,"  Report  2148-1,  February  1966,  The  Ohio  State 
ElectroScience  Laboratory,  Department  of  Electrical  Engineering; 
prepared  under  Contract  AF33(61 5 ) - 3461  for  Air  Force  Avionics 
Laboratory,  Wright-Patterson  Air  Force  Base,  Ohio.  (AD  371962) 

8.  Booker,  H.G.,  "Slot  Aerials  and  Their  Relation  to  Complementary 
Wire  Aerials  (Babinet's  Principle),"  IEEE,  Vol.  1 1 1 - A , 

pp.  620-626,  1946. 


9.  Robinson,  L.A.,  "Electrical  Properties  of  Metal -Loaded  Radomes," 
Wright  Air  Development  Division  Technical  Report  No.  60-84 

on  Contract  AF33 (61 5 )-5539 , Project  No.  4161,  February  1960. 

10.  Oh,  L.L.  and  C.P.  Lunden.  "A  Slotted  Metal  Radome  Cap  for  Rain, 
Hail,  and  Lightning  Protection,"  Microwave  Journal,  V ol . 2, 

No.  3,  pp.  105-108,  March  1968. 

11.  Rope,  E.L.,  T.E.  Fiscus,  and  G.  Tricoles,  "Perforated  Metallic 
Shells  for  Radome  Applications,"  Report  R-70-032-F,  July  1971, 
Electro  Dynamic  Division  of  General  Dynamics;  prepared  under 
Contract  N0001 9-70- C-0290  for  Naval  Air  Systems  Command, 

Department  of  the  Navy,  Washington,  D.C. 

12.  DiCaudo,  V.J.,  et.al.,  "Antenna  Camouflage  Study,"  Goodyear 
Aerospace  Corporation  Report  No.  GER-15734,  October  1972. 

Air  Force  Avionics  Laboratory,  Wri ght-Patterson  Air  Force  Base, 
Ohio.  (AFAL-TR-72-375) 

13.  Oliver,  T.L.,  "Design  Curves  for  Mono-Planar  Arrays  of  Short 
Loaded  FI  at  Dipoles,"  Report  2382-19,  April  1970,  The  Ohio  State 
University  ElectroScience  Laboratory,  Department  of  Electrical 
Engineering;  prepared  under  Contract  F3361 5-67-C-l  507  for  Air 
Force  Avionics  Laboratory,  Wright-Patterson  Air  Force  Base, 

Ohio.  (AD  508445)  ( AFAL-TR-70-36) 

14.  Woo,  R.T.  and  A.C.  Ludwig,  "Low  Loss  Dichroic  Place,"  U.S. 

Patent  #3,769,623. 

15.  Munk,  B.A.  "The  Backscatteri ng  From  a Tuned  Resonant  Surface 
Made  of  an  Array  of  Short  Loaded  Dipoles,"  Report  2148-6, 

March  1967,  The  Ohio  State  University  ElectroScience  Laboratory, 
Deportment  of  Electrical  Engineering;  prepared  under  Contract 

AF  33615-3461  for  Air  Force  Avionics  Laboratory,  Wright- 
Patterson  Air  Force  Base,  Ohio.  (AD  808571) 

16.  Pelton,  F.L.,  "Scattering  Properties  of  Periodic  Arrays  Consisting 
of  Resonant  Multi-Mode  Elements,"  Report  3622-3,  March  1975, 

The  Ohio  State  University  ElectroScience  Laboratory,  Department 
of  Electrical  Engineering;  prepared  under  Contract  F33615-73- 
C-1173  for  Air  Force  Avionics  Laboratory,  Wright-Patterson 
Air  Force  Base,  Ohu  (In  preparation) 

17.  Munk,  B.A.,  R.J.  Luebbers  and  C.A.  Mentzer,  "Breakdown  of 
Periodic  Surfaces  at  Microwave  Frequencies,"  Report  2989-1,  June 
1971,  The  Ohio  State  University  ElectroSci ence  Laboratory, 
Department  of  Electrical  Engineering;  prepared  under  Contract 
F3361 5-70- C-1439  for  Air  Force  Avionics  Laboratory,  Wright.- 
Patterson  Air  Force  Base,  Ohio.  (AD  516254)  (AFAL-TR-71-1 16) 


239 


18.  Munk,  BA.  and  R.J.  Luebbers,  "Reflection  Properties  of  Two 
Layer  Dipole  Arrays,"  IEEE  Trans,  on  Antennas  and  Propagation, 
Vol.  AP- 22 » pp.  766-773,  November  1974. 

19.  Munk,  B.A.,  R.J.  Luebbers,  and  R.D.  Fulton,  "Transmission 
Properties  of  Bi-Planar  Loaded  Slot  Arrays,"  Report  2989-10, 

March  1973,  The  Ohio  State  University  ElectroScience  Laboratory, 
Department  of  Electrical  Engineering;  prepared  under  Contract 
F33615-70-C-1439  for  Air  P^rce  Avionics  Laboratory,  Wright- 
Patterson  Air  Force  Base,  Ohio.  (AD  909359L)  (AFAL-TR-73-103) 

20.  Munk,  B.A.,  R.J.  Luebbers,  and  R.D.  Fulton,  "Transmission  Through 
a Two  Layer  Array  of  Loaded  Slots,"  IEEE  Trans,  on  Antennas  and 
Propagation,  Vol.  AP-22,  pp.  804-809,  November  1974. 

21.  Luebbers,  R.J.  and  B.A.  Munk,  "Reflection  From  N-layer  Dipole 
Array,"  Report  2989-12,  July  1973,  The  Ohio  State  University 
ElectroScience  Laboratory,  Department  of  Electrical  Engineering; 
prepared  under  Contract  F33615-70-C-1439  for  Air  Force  Avionics 
Laboratory,  Wright-Patterson  Air  Force  Base,  Ohio.  (AD  912113L) 
(AFAL-TR-73-256) 

22.  Mentzer,  C.A.  and  B.A.  Munk,  "Resonant  Metallic  Radome,"  Report 
2382-21,  June  1970,  The  Ohio  State  University  ElectroScience 
Laboratory,  Department  of  Electrical  Engineering;  prepared  under 
Contract  F3361 5-67-C-l 507  for  Air  Force  Avionics  Laboratory, 
Wright-Patterson  Air  Force  Base,  Ohio.  (AD  509525) 

(AFAL-TR-70-86 ) 

23.  Kieburtz,  R.B.  and  A.  Ishimaru,  "Scattering  by  a Periodically 
Apertured  Conducting  Screen,"  IRE  Trans,  on  Antennas  and  Propa- 
gation, Vol.  AP-9,  pp.  506-514,  November  1961. 

24.  Ott,  R.H.,  R.G.  Kouyoumjian,  and  L.  Peters,  Jr.,  "Scattering 
by  a Two-dimensional  Periodic  Array  of  Narrow  Plates,"  Radio 
Science,  Vol.  2 (New  Series),  No.  11,  November  1967. 

25.  Munk,  B.A.,  "Periodic  Surfaces  for  Large  Scan  Angles,"  U.  S. 
Patent  #3,789,404. 

26.  Chen,  C.C.,  "Transmission  Through  a Conducting  Screen  Perforated 
Periodically  with  Apertures,"  IEEE  Trans,  on  Microwave  Theory 
and  Techniques,  Vol.  MTT-18,  pp.  627-632,  September  1970. 

27.  Chen,  C.C.,  "Scattering  by  a Two-dimensional  Periodic  Array  of 
Conducting  Plates,"  IEEE  Trans,  on  Antennas  and  Propagation, 

Vol.  AP-18,  pp.  660-665,  September  1970. 

28.  Amitay,  N.  and  V.  Galindo,  "The  Analysis  of  Circular  Waveguide 
Phased  Arrays,"  Bell  System  Technical  Journal,  Vol.  47, 

pp.  1903-1932,  November  1968. 


240 


29.  Montgomery,  J.P.,  "Scattering  by  an  Infinite  Periodic  Array  of 
Thin  Conductors  on  a Dielectric  Sheet,"  IEEE  Trans,  on  Antennas 
and  Propagation,  Vol . AP-23,  pp.  70-75,  January  1975. 

30.  Chen,  C.C.,  "Diffract ’on  of  Electromagnetic  Waves  by  a 
Conducting  Screen  Perforated  Periodically  with  Circular  Holes," 

IEEE  Trans,  on  Microwave  Theory  and  Techniques,  Vol . MTT-19, 
pp.  475-481,  May  1971. 

31.  Luebbers , R.J.  and  B.A.  Munk , "Cross  Polarization  Losses  in 
Periodic  Arrays  of  Loaded  Slots,"  IEEE  Trans,  on  Antennas  and 
Propagation,  Vol.  AP-23,  pp.  159-164,  March  1975. 

32.  Munk,  B.A. , "Reflection  Properties  of  Mono-  and  Bi-Planar 
Double  Loaded  Periodic  Surfaces,"  Report  2382-10,  October  1968, 

The  Ohio  State  University  ElectroScience  Laboratory,  Department 
of  Electrical  Engineering;  prepared  under  Contract  F33615-67-C- 
1507  for  Air  Force  Avionics  Laboratory,  Wright-Patterson  Air 
Force  Base,  Ohio.  (AD  3949831  (AFAL-TR-68-257 ) 

33.  Chen,  C.C.,  "Transmission  of  Microwaves  Through  Perforated  Flat 
Plates  of  Finite  Thickness,"  IEEE  Trans,  on  Microwave  Theory  and 
Techniques,  Vol.  MTT-21 , pp.  1-6,  January  1973. 

34.  Luebbers,  R.J.  and  B.A.  Munk,  "Analysis  of  Thick  Rectangular  ,, 

Waveguide  Windows  with  Finite  Conductivity,"  IEEE  Trans,  on  | 

Microwave  Theory  and  Techniques,  Vol.  MTT-21,  pp.  461-468,  ‘ 

Ju ly  1 973 . : , 

35.  Luebbers,  k.J.  and  B.A.  Munk,  "Rectangular  Arrays  of  Resonant 
Slots  in  Thick  Metallic  Panels  with  Finite  Conductivity,"  Report 
2989-4,  August  1972,  The  Ohio  State  University  ElectroScience 
Laboratory,  Department  of  Electrical  Engineering;  prepared  under 
Contract  F33615-70-C-1 439  for  Air  Force  Avionics  Laboratory; 
Wright-Patterson  Air  Force  Base,  Ohio.  (AD  902936L) 

(AFAL-TR-72-237 ) 

36.  Lewin,  L.,  Advanced  Theory  of  Waveguides,  Iliffe  and  Sons, 
p.  96,  1951 . 

37.  Marcuvitz,  N.,  Waveguide  Handbook,  McGraw-Hill,  pp.  248-257, 

404-408,  1951. 

38.  Wexler,  A.,  "Solution  of  Waveguide  Discontinuities  by  Modal 
Analysis,"  IEEE  Trans,  on  Microwave  Theory  and  Techniques, 

Vol.  MTT-15,  No.  9,  pp.  5C8-517,  September  1967. 

39.  Lewin,  L.  , Advanced  Theory  of  Waveguides,  Iliffe  and  Sons, 
p.  21,  1951. 


40. 


Lee,  S.W.,  W.R.  Jones,  and  J.J.  Campbell,  "Convergence  of 
Numerical  Solutions  of  Iris-Type  Discontinuity  Problems," 

IEEE  Trans,  on  Microwave  Theory  and  Techniques,  Vol . MTT-19, 

No.  6,  pp.  528-536,  June  1971.' 

41.  Harrington,  R.F.,  Time-Harmpni c Electromagnetic  Fields, 

McGraw-Hill,  p.  73,  1961 . 

42.  Collin,  R.E.,  Field  Theory  of  Guided  Waves,  McGraw-Hill,  p.  193, 
1960. 

43.  Marcuvitz,  N.,  Waveguide  Handbook,  McGraw-Hill,  p.  21,  1951. 

44.  Harrington,  R.F.,  Time-Harmonic  Electromagnetic  Fields, 

McGraw-Hill,  pp.  1 48-155,  1961 . 

45.  Johnson,  C.C.,  Field  and  Wave  Electrodynamics,  McGraw-Hill, 
p.  142,  1965. 

46.  Mittra,  Raj,  T.  Itoh,  and  T.  Li,  "Analytical  and  Numerica. 

Studies  of  the  Relative  Convergence  Phenomenon  Arising  in  the 
Solution  of  an  Integral  Equation  by  the  Moment  Method,"  IEEE 
Tr  ' . on  Microwave  Theory  and  Techniques,  Vol.  MTT-20, 

pp  96-104,  1972. 

47.  Wood,  R.W.,  "Anomalous  Diffraction  Gratings,"  Physical  Review, 

Vol.  48,  pp.  928-936,  December  1925. 

48.  Murik,  B.A.,  private  communication. 

49.  Harrington,  R.F.,  Time-Harmonic  Electromagnetic  Fields,  McGraw- 
Hill,  pp  163-169,  1961'. 

50.  Farrel , G.F.  and  D.H.  Kuhn,  "Mutual  Coupling  in  Infinite  Planar 
Arrays  of  Rectangular  Waveguide  Horns,"  IEEE  Trans,  on  Antennas 
and  Propagation,  Vol.  AP- 16,  pp.  405-414,  July  1968. 

51.  Stark,  Louis,  "Microwave  Theory  of  Phased-Array  Antennas  - A 
Review,"  IEEE  Trans,  on  Antennas  and  Propagation,  Vol.  62, 
pp.  1661-1701,  December  1974, 

52.  Woo,  R.,  "A  Low-loss  Circularly  Polarized  Dichroic  Plate," 

1971  G-AP  International  Symposium  Program  and  Digest,  pp.  149-152. 

53.  Pel  ton,  E.L.,  private  communication. 

54.  Bois,  G.  Petit,  Tables  of  Indefinite  Integrals,  Dover  Publications, 
Inc.,  pp.  119-1 25 , T34 , 1961. 


242 


Am  ir 


